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The Boltzmann transport equation is solved by using two- 
terms approximation for pure gases . This method of solution is used 
to calculate the electron energy distribution function  and electric 
transport parameters were evaluated in the range of E/N varying 
from .  17 2 15 21 10 . / 5 10 .V cm E N V cm    

From the results we can conclude that the electron energy 
distribution function of CF4 gas is nearly Maxwellian at (1,2)Td, 
and when E/N increase the distribution function is non Maxwellian. 
Behavior of electrons transport parameters is nearly from the 
experimental results in references. The drift velocity of electron in 
carbon tetraflouride is large compared with other gases 
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 بواسطة استخدام Ar,CF4 لتفريغ مزيج غازات دراسة دالة توزيع طاقة الإلكترون ومعلمات الأنتقال

  حل معادلة  بولتزمان
  

  *محمد جواد جادر, حامد كريم ردام, بھاء طعمة جياد
  العراق- بغداد/ جامعة بغداد, كلية العلوم, قسم الفيزياء

  العراق-بابل/ بابلجامعة, كلية العلوم, قسم الفيزياء*
  الخلاصه

 استخدمت ھذه الطريقة  لحساب.  قية والمزيجات باستخدام التقريب ذي الحدينتم حل معادلة بولتزمان للغازات الن  
 E/N  حسبت في مدى متغير من K ومعلمات الانتقال الالكتروني توزيع طاقة الإلكترون  ةدال

1 1.    17 2 15 20 . / 5 10 .V cm E N V cm    
ند، ) 1،2(زيع الماكسويلي عند  قريب من التوCF4   دالة توزيع طاقة الإلكترون لغازأظھرت تلك النتائج  أن    تاوس

زداد  دما ت ك عن د ذل ي E/N بع ة ف ائج التجريبي ن النت ب م ال قري ات الانتق لوك معلم سويلي، س ر ماك صبح غي ع ي  التوزي
  .سرعة انجراف  الإلكترون في غاز رباعي فلوريد الكاربون كانت كبيره مقارنة مع بقية الغازات . المصادر

 
Introduction 
The electron –velocity distribution 
function plays a central role in defining the 
physical properties of plasma. The 
statistical behavior of electrons is 
governed by the electron energy 
distribution function (EEDF). Transport 
properties of electron are directly 
dependent on EEDF.     Theoretically 
EEDF can be obtained by solving 
Boltzmann equation. The EEDF is 
determined by the balance between the 

gain of the electrons from acceleration 
electric field and losses of electrons 
through the collisions [1]. 
The electron transport parameters of pure 
gas and gas mixtures have been studied for 
a wide range of applied electric field. 
These parameters:  such as the drift 
velocity, mobility, diffusion coefficient, 
ionization coefficient, and mean electron 
energy  are defined in collision cross 
section and EEDF  represent the backbone 
of the electron swarm behavior of pure gas 
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and gas mixtures in discharge of plasma 
[2]. 
 
    Solution of transport Boltzmann 
equation for the electron –velocity 
distribution function  , v, f r t

 
  in 

spherical harmonics is given by [3].  
 

) 
 
….(1

where  , v , f r t

 

p

 represent coefficient of 

expansion and  (cos )
 is Legendre  

Polynomials. By using two–terms 
approximation, the equation form become           

      0 1,v, ,v, ,v, cosf r t f r t f r t  
    

 …(2) 
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The first term  0 vf

 , is isotropic 

distribution in velocity space. This occurs 
in elastic collisions, where the electrons 
could be expected to suffer large 
directional changes of velocity but 
relatively small energy losses because of 
mass difference between electrons and 

molecules. The second term  1

v
v

v
f




, the 

distribution is anisotropic because of large 
energy losses of electron in inelastic 
collisions     

 ƒ1‹‹ ƒ2   . 
     The electron energy distribution 
function in CF4 gas discharge was 
numerically calculated for  E/N=15-300 
Td using   Boltzmann kinetic equation in 
2006 by Masek [4]. The momentum 
transfer and vibration cross-section were 
derived from available experimental 
swarm parameters while the cross section 
for inelastic electron-molecule collisional 
processes were taken from the literature. 
The two terms spherical harmonic 
expansion of the distribution function was 
used in the calculations.           
     Niktovic and Potrovic in 2008 [5] are 
obtained results by using  simple solution 
for Boltzmann equation in mixture of CF4 

with its radicals for ratios of the electric 
field to the gas number density E/N from 
(1Td – 1000 Td ) . The analysis of non – 
conservative collisions revealed a range of 
E/N where electron attachment introduced 
by radicals significantly changes electron 
kinetics obtained for pure CF4 gas. 
    The Aim of this work is to study 
theoretically the electron energy 
distribution function  and electron 
transport parameters in DC electric 
discharge processes for CF4 , Argon gases 
and its mixtures from different ratios from 
solution of Boltzmann equation  by using 
two terms approximation. 
 
1.Theory 
      The fundamental equation governing 
the electron distribution function is the 
Boltzmann equation. For spatially uniform 
gas in the presence of steady electric field. 
The Boltzmann equation for electrons in 
collisions state is given by [6]:                             

                       
(4) 
 

     
where 

c

d f

d t
 
 
 

 represents the rate of 

change of   , v,f r t
   due to collision, thus, 

when collisions are considered. The total 
derivative d f

d t
 epresents all particles 

moving in the phase space, where, the 
partial derivative 

 r

f

t




 represents the 

change in the number of electrons at a 
given point in the phase space.  
Now one considers the case of spatially 
uniform gas, also,  , v,f r t

 

r f

    function of 

velocity only, where  and thus 

equation (4) becomes: 

0

 
) 

 

)   
0

, v, , v, (cosf r t f r t p 




   


  

(5

In weakly ionized gases, the most 
collisions occurrence between electrons 
and neutral atoms, the collisions between 
electron –electron and electron – ion are 
rare. 

v
v c

f f eE f df

t r m dt

            



v
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f
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0

v c

1 1ff

     Consider now only neutral atoms 
collision. The contribution  of collision of 
each kind to the change the distribution 
function can be quite simply added 
together. One will divide collisions into 
elastic and inelastic collisions : 

d fe E

t m d t

        




 
 

) 
 

 
) 

 
 

(6

The first part of equation (6) represents the 
change of function due to elastic collisions 
and the second part of equation represents 
the change of function because the 
inelastic collisions. The class of inelastic 
collisions do not include excitation process 
of atoms or molecules but also the creation 
of new electrons as a result of ionization . 
After the compensation (two- terms 
approximation), we obtain two equations: 

 (7

(8) 
 
When the electron collision frequency for 
momentum- transfer is much larger than 
the electron collision frequency for 
excitation, the necessary condition for the 
two terms expansion for distribution 
function  to be valid , the momentum- 
transfer collisions play the major role in 
reducing the asymmetry in the distribution 
function .the function change in elastic 
collisions state is given by [7] : 
 

   1
1v ve

c

d f
f

d t
    

 
    (9) 

      where e  is the electron momentum 

transfer collision frequency where 
      v ve mN Q  v

   1
1v v vm

c

d f
N Q f

d t
    
 

   (10) 

v represented electron velocity and  vmQ  

is momentum transfer cross section. From 
the solution of equation (8), we will find 
 1 vf  value, where all quantities are 

assumed to independent of time, is given 

by: 

2
2 20 0 0

0

22 2

3
B
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(11) 
The change of function in elastic collisions 
is given by: 

c elastic inelastic

d f df df

dt dt dt
           
       

 
   (12) 

The right hand side of equation (12) 
represented the combined effect on the 
distribution function of elastic and 
inelastic electron –neutral collisions only, 
assuming that the electron-electron 
collisions and electron-ion are negligible. 

The change of  the function 
c

df

dt
 
 
 

 in 

inelastic collisions is given by: 
 

                                                               
                                                  (13) 
 
The energy gain from electric field in 
superelastic collisions is given by [6]. 
 

                                                         (14) 
Now, the sum of function change in two 
state (ground state and excitated state), 
after the equations compensation (12) , 
(13) and (14), we obtain on work equation 
[7]: 
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(15) 
In right hand side of equation (15), the first 
part accounts for the gain of energy result 
from electric field. The second part of 
equation accounts for gain in energy (KT) 
and elastic losses by 2m/M. Also , in third 
part of the equation , few energy losses 
occur  because of elastic scattering of 
electron due to electron collision with 
molecule . These, processes all occurs in 
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ground state of molecules. The first term 
of excitation state, accounts energy losses 
of electrons result the inelastic collisions. 
The last part of equation (15),  is the 
energy gain of electrons given by the 
electric field electrons to compensation the 
energy loss of electrons because the 
collisions. 

 

1 / 2

0

0

1 2

3e

s m

d fe u
d u

m d
Q u




    
  


When the left hand side of equation 

(15), equal zero, the function  f   

becomes isotropic.Equation (15) is used in 
pure gases state, if the gas is mixture of 
different species. The momentum transfer 
cross section, excitation cross section  and 
super elastic for molecules of species (k) 
in inelastic processes are represented by 

, , k
mQ k

jQ k
jQ  respectively. Also, the 

electron collision frequency in elastic 
collisions state for molecules of species k 
(mixtures) become: 

u

   v vk K
e K mN Q  v   (16) 

where KN  is the number of molecules of 

species k. 
 
Transport coefficients       
   The drift velocity is nonlinear function 
with electric field, and the mobility 
depends on strength field. at sufficiently 
low E/N, where an electron loses all equal 
to the gain from the electric field at one 
elastic collision , the drift velocity is 
proportional to E/N. 
The relation between drift velocity and 
distribution function of electron energy is 
given by [8]: 
 

 

1 / 2
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(18) 
The mobility is defined as the 
proportionally coefficient between the drift 
velocity of a charged particle and electric 
field. The mobility of electrons is:           

v d
e

m

e

m E



                        (19)                                                                           

Where m represent the electron 

momentum- transfer collision frequency. 
The electron  mobility decreased with E/N 

increase, this occur energy loss result of 
electron through the collisions between 
electrons and neutral molecules. 
From the relation between the drift 
velocity and mobility with EEDF, we can 
be calculate the electron mobility equation 
[9]: 
 
 
                                                               
(20) 
where s  represents fractional 

concentration of the s species (
j

s
s

s

N

N
  ) 

and j
sN is the number of molecules of 

species s  in the excited state j.  
    when the density of charged particles is 
very low, the charges of opposite signs 
diffuse independently of each other, This 
is known as free diffusion. 
In a weakly ionized gas discharge, the 
ambipolar diffusion coefficient is 
simplified by noting that µ e›› µ i usually 
The relation between diffusion coefficient 
and electron energy distribution function is 
given by [10]: 
 

   
1/ 2 1 / 21 2

3T
m

u
D f

m N Q u
   
   u d u    (21) 

  An electron colliding with a neutral atom 
can produce a negative ion in a process 
termed electron attachment. Dissociative 
and non dissociative electron attachment 
reactions depend strongly on the electron 
energy 
        The primary ionization coefficient is 
a basic parameter in discharge physics and 
is defined as the number of ionizing 
collisions made by an electron in moving 
1cm in the direction of the applied electric 
field. The coefficient is used in describing 
the behavior of a swarm of electrons 
traveling through a gas [11].the ionization 
coefficient is calculate from the relation: 
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   is called ionization  
 

coefficient. represent the number of 

atoms of type k . 
KN

 
method of calculation  
    The work deals with the theoretical 
studies about electron energy distribution 
function  and electron transport parameters 
in DC electric discharge processes for 
CF4,  Ar gas and its mixtures with 
different ratios  at low temperature of the 

D computer 
 in Fortran language.  

tion 

t, the 
lation between these rewrite [12] : 

 

plasma. 
    The search dependent on solving the 
equation of Boltzmann for collisions by 
two-terms approximation method in gas 
discharge processes at regular uniform 
electric field by using NOMA
program
    The electron energy distribution 
function and transport parameters was 
calculated for range (1 -500) Td with 
NOMAD program by input data for this 
program such as collision cross section, 
the number density of gases, number and 
types of gases, concentration of gas, 
distribution density, E/N  represent the 
ratio between electric field intensity to the 
number density of gas, molecular weight , 
gas temperature, electron density, as well 
as the program contain other condition 
must be taken  into account this work like, 
electron energy distribution func
dependent of collision cross sections.  
   The number density of gas was 
calculated theoretically depended on 
weight density and molecular weigh
re

AN
N


                (23) 

where   represent weight density     is 

molecular weight, AN represent Avogadro 

constant. The table (1) shown that the 
number density of gases and mass density 
in pure gases (CF4, Ar) at room 
temperature. 

Table (1): the number densities values and 
mass density of pure gases 

 
Table (2): The number of density for 

mixtures calculated in this work. 
 
 
Results and Discussion 

Pure Carbon tetrafluoride 
Five types of cross section (vibration, 
electronics excitation, attachment, 
ionization and momentum- transfer cross 
section ) in pure carbon tetrafluoride are 
used in the analysis. The cross sections 
data is input data for NOMAD computer 
program.   Equation (17) is solved 
numerically for range of E/N values ( 1- 
500 )  Td. The distribution function of 
electron energy is Maxwellian when the 

condition ( 2

3

e D 


 ) is to be 

realized, this means an isotropic 
distribution (the distribution in thermal 
equilibrium state between electrons and 
atoms or molecules of gas ). The results 
are 
 shown in figures( 1 to  6) 

    Number 
of density  
(1019atom/ 
c  m3)      

Mass 
density   
(10-3gm 
/cm3)    

Gas Mixtures 
  

1.718  3.650  90%CF4+10
Ar

N



%  
1.572 3.339  75%CF4+25

Ar%  
1.328  2.820  50%CF4+50

Ar%  
1.293  2.742  25%CF4+75

Ar%  
  0.937   1.990  10%CF4+90

Ar%  

Number of 
density(1019atom/ 

cm3)  

Mass 
density 

(10-3gm 
/cm3)  

Gas  

2.640161 [13]  3.85  CF4 

2.68772 [14]  1.783  Ar  
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Figure(1): The electron energy distribution 
function as a function of electro energy  for 
several values of E/N in pure CF4 gas. 

Figure (2): The mean electron energy as a 
function of E/N in pure CF4 gas. 

 
Figure (1) represents electron energy 
distribution function as a function of 
electron energy in pure 4CF . The EEDF 

normally non- Maxwellian because the 

characteristic energy eD


 is greater than 

2

3
 . The EEDF decreased when E/N 

increase, it is attributed to the electron 
collisions number that will increase with 
neutral molecules or atoms, this cause the 
electron energy losses. Also, some of 
electrons have very weak  energy and this 
increases the probability  of attachment 
with neutrals atoms to create negative ions. 
Therefore  EEDF decrease . The electron 
energy distribution function at E/N values 

( 171 10 - 172 10 V.cm2) has isotropic 

distribution  and nearly of thermal 
equilibrium state, thereafter, at electric 
field density increase, the electron energy 
distribution function is non Maxwellian , 

2

3

eD 


  with energy losses due to 

inelastic collisions in discharge processes, 
as shows in figure (1). Also, the agreement 
point occurs for electron energy 
distribution functions at   approximately 
electron energy of (7eV) for different 
values of E/N. At this point the system in 
thermal equilibrium state.  
     Figure (2) shows the mean electron 
energy in range (0.27 – 12.68) eV for 
different values of E/N (1-500) Td. The 
change of mean electron energy is 
progressive exponential, the electrons gain 
energy from electric field. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure(3): The mobility of electron as a function 
of as a function of E/N in pure CF4   gas. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure(4) The drift velocity of electron        
E/N in pure CF4 gas 
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The figure (3) shows the electron mobility 
exponential decrease when electric field 
density increase , this occurs because that 
the electrons obtained kinetic energy by 
acceleration from electric field to produce 
increased number of collisions to 
contribute to the decrease of mean free 
path therefore the electron mobility  is 
decreased. 
     Figure (4) shows the behavior of the 
drift velocity as a function of E/N: firstly 
in range (1 – 2) Td the drift velocity 
increases due to elastic collisions, 
secondly in range( 2-10) Td 
the inelastic collisions occurs to attain 
critical value at 10 Td, thirdly the region in 
range( 10-500) Td the drift velocity 
increases due to the electron gain from 
electric field and momentum transfer from 
molecule to electrons after collision. 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure(5): The ionization coefficient of 
electron  as a function of E/N in pure CF4 

gas. 
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure(6): Fractional electron power transfer    
as a function of E/N in pure CF4 gas. 

 
  The values of ionization coefficient have 
been calculated for CF4 gas over the range 
4 10 -16 / 5 1E N 0   -15 V.cm2 as 
shown in figure (5). The values of 
ionization coefficient in the present work 
are in agreement with pervious 
measurement of Naidu in 1972 [16]and 
Lucas in 1973 [17]. 
     The elastic and inelastic collision 
processes are clarified in figure (6) and  
indication of energy losses of electrons. 
The vibration fraction in weakly electric 
field (1Td)  has high value and it is 
vanished at  strong electric field (200Td). 
The electronic fraction in the range (5-
70Td) is increasing and electronic 
excitation  maximum at (70 Td). The 
ionization fraction above (40 Td) 
increases. These values of E/N represented  
low energy for excitation. 
 
4.2- Pure Argon gas 
     A set of the cross sections were used in 
Argon analysis. The cross sections were 
determined on basis experimental values 
taken from set of papers, these represent 
electronic excitation, ionization and 
momentum  transfer cross sections. The 
excitation cross section of Argon has onset 
energy of (11.62) eV, also, the threshold 
energy of ionization is (15.759) eV. 
    The E/N values are chose as input data 
in range (1Td - 500Td). The electron 
energy distribution function decreases with 
the increase of E/N as shown in figure(7). 
At low E/N value (1Td), the electron 
energy distribution function is non 
Maxwellain and the lose of electron 
energy increase at high E/N, therefore the 
distribution function is anisotropic.   

The mean electron energy for pure 
Argon discharge in the range         ( 2.43-
10.7 ) eV is shown in figure (8). The mean 
electron energy increases linearly with E/N 
from V.cm17 17(1 10 5 10 )  

151 10 )   

 2. The mean 

electron energy increase is slow from 
V.cm170(5 1

2 because of the  

energy losses in inelastic collision 
processes. Thus, the mean energy of 
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electron is in good agreement experimental 
results of Makabe [10]. 

 
 
 
 
 
 
 
 
 

 
 
 
 

Figure(7): The electron energy distribution 
function several  values of a function of E/N 

in pure Argon 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure(8): The mean electron energy  as as a 
function of electron energy for E/N in pure 

Argon. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure(9): The characteristic energy of 
electron  as a function of E/N in pure        

Argon gas. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure(10): The drift velocity of electron as a 
function of E/N in pure Argon. 

 
Figure (9) shows the behavior of 
characteristic energy which increases with 
increase of E/N by the effect  of the 
angular scattering of the inelastic collision. 
But at low E/N the differential scattering 
cross section is same for both inelastic and 
elastic collisions. The values of 
characteristic energy in this work are in 
agreement with experimental results of 
Dutton in 1975 [18]. 
      The drift velocity of electrons as a 
function of E/N of Argon is represented in 
figure (10). It is compared with 
experimental results of Makabe and 
Nielsen in references [10] respectively. 
The drift velocity increases with increase 
of E/N  and our results are in good 
agreement with experimental results of 
Makabe and Nielsen.  
  
Refrences 

[1] Y. Itikawa, " Molecular processes in 
plasma ", Tokyo, Japan (2007). 

[2] H. Date and H. Sakai, "Boltzmann 
equation analysis of electron 
collision cross section and swarm 
parmeters for krypton", J. phys. D: 
Appl. Phys.,Vol.22, P.1478-1481 
(1989). 

 8



Iraqi Journal of Physics, 2011                                                                                Vol. 8, No.13, PP. 11 -22 

 9

[3] K. Smith and R. W. Thomson, 
"Computer Modeling of Gas", 
Plenum Press, New York, (1978). 

[4] K. Masek, L. Laska, Inter science, 
Vol. 27, P.15-21, (2006).    

[5] Z. D. Niktovic and V. D. 
Stojanovic," Modeling of high E/N in 
mixtures of CF4 and its radicals", 
Publ. Astron. obs, Belgrad,. No. 84, 
103-106 , (2008). 

[6] T. Holstein," Energy distribution of 
electrons in high frequency gas 
discharges", Phys. Rev., Vol. 70,  
No. 5-6, (1946). 

[7] S. R. Hussein, PhD thesis, "Solution 
of Boltzmann equation using two 
terms approximation for several 
SF6&other gases mixture" University 
of Salahaddin / Erbil (2007).  

[8] W. L. Nighan, "Electron energy 
distribution and collision rats in 
electrically excited N2, CO and 
CO2," Phys., Rev., Vol. 2, P. 1989-
2000, (1970).  

[9] C. Truesdell, J. Chem. Phys, Vol. 37, 
P. 2336, (1962).     

[10] T. Makabe and Z. petrovic, "Plasma 
Electronics: Application in Micro-
electronics Device Fabricat-ion", 
Taylor and Francis Group, New 
York, (2006). 

[11] Y. P. Raizer, " Gas discharge physics 
",  Sepringer- Verlag  (1991).  

[12] T. Nahi and A. Hamadi, " Atomic 
physics " Ch. 2, P. 105, (1980).  

[13] N.N. Greenwood and A. Earnshaw, 
"Chemistry of the element", 2nd, 
Eidition, Oxford, (1997). 

[14] J. F. Ziegler, "Stopping cross section 
for energetic ions in all elements", 
Book, Vol. 5, Pergamon   Press Inc, 
(1980). 

[15] M. S. Naidu and A. N. Prasad, J. 
Phys. D5, p. 983 (1972). 

[16] J. Lucas and D. A. Price, Proc. Ints. 
Electr. Eng . No.120, P. 1044 (1973). 

[17] J. Dutton, J. Phys. Chem. Ref. Data 
4, No. 3, p. 577-856, (1975). 

  
 


