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Abstract

The nuclear structure of “°Ar, **Cd, **Cs, 'Eu, **Sm, and “*Ra
target nuclei used in nuclear battery technology has been investigated
in the framework of Hartree-Fock approximation based on Skyrme
effective two-body interaction. These nuclei are extensively used in
radioisotope thermo-electric generator space studies and for beta
voltaic battery microelectronic systems. For this purpose, some static
nuclear properties have been calculated. In particular, the various
nuclear single particle radial density distribution, the corresponding
root mean square radii, neutron skin thicknesses and binding
energies. The bremsstrahlung spectrums produced by absorption of
beta particles in beta voltaic process and the backscattered photon
spectrum have also been calculated. All obtained results are
compared with available experimental data.
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Introduction

Because of the growing use as thermal converting and non-thermal
a long-life source of energy, nuclear converting such as betavoltaics [3].
batteries have a significant position in This type of batteries converts energy
technology, particularly in space-craft disintegration into electricity via p-n
and  microelectronic  applications junctions using semiconductor devices.
nuclear batteries convert thermal Due to the greater densities of energy
energy from the decay of radioactive and the longer radioisotope life relative
material into electricity [1, 2]. There to another type [4]. Metavolcanics are
are two main types of nuclear batteries, used as a power supply in medical
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purposes and microelectronic
applications [5].

For this purpose, the nuclear static
properties of some target nuclei used
for production radioactive nuclei used
in nuclear batteries namely; *Ar, *Co,

12451 18Nd, °Eu and 2°TI have been

calculated in the framework of
Hartree-Fock (HF)  Approximation
with Skyrme type Interaction. In

particular, charge, proton, mass and
neutron densities with their associated
rms radii, nuclear binding energy and
neutron skin. thickness have been
calculated.  The  simulation  of
bremsstrahlung emission by beta
particles using numerical cross-section
and backscattered photons will be
calculated.

Theoretical framework

The microscopic Mean-Field (MF)
methods have been great used in
studying the ground state nuclear
properties of stable as well as the

Samaa S. Nassir and Ali A. Alzubadi

unstable nuclei. In this, context the
tow-body effective interaction of
Skyrme [6] and Gogny [7] are most
often used with the non-relativistic HF
method. The analytic simplicity of the
Skyrme interaction allows for the
definition of model parameters, which
integrate basic nuclear properties [8].
In the literature, there are various
Skyrme forces in the literature to
evaluate nuclear properties; however,
there are different numerical values for
parameterizations of each force
interaction [9, 10]. In the present work
we used the SKM* parameterization,
the Skyrme force is given with its
numerical value in Table 1 [11]. The
SkM* parameterization in the actinide
region has been adapted to fission
obstacles and surface tension. SKM* is
an expanded  version  of SkM for
big deformations and for astrophysical
purposes could beused such as
calculations of neutron stars [12].

Table 1: Skyrme parameterization used in the present calculations.

Parameters

to (MeV fm®)
t; (MeV fm°)
t, (MeV fm?)
ts (MeV fm°)

a
t, (MeV fm°)

SKM*

-2645.00
410.00
-135.00

15595
0.090
0.000
0.000
0.000
1/6
130

The Skyrme Hartree-Fock (SHF)
equation is derived from the variation
principle of the nucleus ground state
wave function, which is considered to
be a Slater determinant of the single
particle state gg:

Qp (X1, X2, ey Xg) = \/%deﬂ (pﬁ(xj)|(1)
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where x is the set of space (7) , spin
(o) and isospin coordinate (gq), Ais
the number of sets and x; is an all sets.
The expectation value for the total
Hamiltonian (H) of Slater determinant
can be written as the integral of the
Hamiltonian density H:

(p|Hlp) = [ H (Hdr )
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For the Skyrme interaction, the orbit density (J,), where q is proton
Hamiltonian density is given as a or neutron. It can be written as the a
function of the nucleon density (pg), sum  of terms  associated with
kinetic energy density (z,), and spin- different parts of the force [13]:
H = Hyin + Hy + H3 + Hepp + Hpin + Hgo + Hsg + Heow 3)
where Hy;, Is the kinetic energy term, tensor coupling with spin and
H, is zero range term, H; density gradient term  and Hgyyy IS @
dependent term, H,sr is an effected Coulomb term.
mass term, Hy;, finite range term, The terms in Eq. (3) are defined as
Hg, is a spin-orbit term, Hy, is the follows [13]:

h2

Hyin =5 T

I T )Y

=)= ) T

Heff=%<tl(1+%)+t2(1+7)>pr—%<t1<x1+%>—t2(x2+%>>qurq
q

Hfin=116<3t1(1+2>—t2(1+ ))(v,o)2

g1 (g s 3) ) 000

ty | — >
=? ]'Vp‘l'zjq'qu

1
Hyg = — 2 (tat + ) 2 (b tZ)ZJq
1/3
oo = 5 2@ [ LG -2 () paro 4)
where H,,; consists of the direct and p=pp+pn; T=Tp,+Tp
exchange contributions and j=Js+J. . These densities are
Lo by, t, ts, Xo, X1, X2, X3, @ and t, are calculated from the single  particle

the Skyrme parameterizations which
are usually determined by fitting the
experimental ground state properties of

wave function ¢z defining the Slater
determinant:

. . - N 2
the spherical nuclei. The p,, 7, and J, pq(¥) = Z|<Pﬁ(r. a,9)| (5a)
are the densities distribution, kinetic g,
energy density and spin-orbit density 7,(A) = Z|V<pﬁ(?, o, q)|" (5b)

for the nucleon respectively. The non-
indexed quantities represent the total
density [14]:
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Jq @ =
(_i) Zo,ﬁ,a’ (p;’ (F' g, Q) [V(p;? (T_Zr g, q)] X
(olala”) (5¢)
The SHF equation is obtained by
writing that the total energy E is
stationary with  respect to the
variation of the single particle
state, @z with  the  subsidiary
condition that ¢z are normalized:

6 - 2 -
—E —Z €p f|<pﬁ(r)| dr =0 (6)

using the explicit from of the
Hamiltonian density in Eq. (3), one can
derive the equation for the single
particle wave function ¢g:

hz - XAy
[‘Vzm;, SV Uy () = i, (7). (V X
(7)

0)] Pp =€p ¥p
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where W, is a spin-orbit potential, o
is Pauli’s matrix, q is the charge of the
single-particle state f and the single
particle wave function ¢z containing
all the quantum effect of the system.
Eq. (7) has a form of local Schrodinger
equation with an effective mass mg ()
depends on density only [13]:

h? h?
— =—+1[t1(1+—"1) +
qu(r) 2m 8 2

o (+ Dot (e )4
ol

whereas the central potential depends
on Kinetic energy density

(8)

Ug=to(1+2) p—to (%0 +3) pg + 20 |2+ ) (1+2) p=2(5+x3) pg -

of2on) B2 (10 )- (14 D)2 o) - o

1

The spin-orbit potential is given
by [13]:
., t
Wy = (Vo + p,) (10)

and the Coulomb potential, where the
exchange part is calculated with Slater
approximations has a form of [15]:
UCmél R

e r') —
== ’i”( q) dr'

2 ) |Fr—=7"|

1/3

—e2(2) a0

(11)

Calculations method

The HF equations Eq. (7) is solved
self-consistently to obtain the desired
wave function for single-particle state,
@p. After the wave function is obtained
the binding energy of nucleus is
calculated according to Eq. (2). The
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Jlra—5 3 (1+3) e (1)) + 5[50 (n +5) + o (m 45)] s

1 ? 1 ?
s (tl - tz)]q T8 (xltl - thZ)] + 6q.protonUC0ul

€)

densities and local potential are then
evaluated using Egs. (5 and 9),
respectively. In  performing the
calculations, we use the computer code
for spherical SHF+BCS [16] where the
contribution of pairing interaction to
the binding energy of the nucleus is
calculated as:

Epair -

—2qGq [ZﬁEqW/“)ﬁ(l - wﬁ)l (12)

where the pairing matrix elements (G;)
are constant within each species
q € {p,n}. The occupation probability
(wp) is determined by solving the
Bardeen—Cooper—Schrieffer (BCS)
pairing equation:
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=-|l1-—£=£L | 13)

? J(€p—€rp) +22
The pairing gap (4,) and the Femi
energy (€rpp) are determined by
simultaneous solution of the gap

equation and the particle number
condition:

A /
éZZBEq “)5(1_“)/3) ;o Ag =

Ypeq Wp (14)

where A, is the desired number of
protons and neutrons. In solving
Eq.(13) we wuse a constant gap
approach for proton and neutron:

11.2
A,= Ay= ——MeV

VA

where A is a nucleon number.
The rms radii of proton, charge,
neutron and mass distributions can

(15)
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be evaluated from these densities as
[17]:

vy e o 1/2
= (r2)1/2 = M] (16)

[ pq(®) d7

The neutron thickness can be given as
[18]:
th=Th — 1y (17)
where 7, is the rms of neutron and 7, is
the rms of proton.

The cross section o(W,, k) for the
production of bremsstrahlung photon
of energy between k and +dk ,
Integrated by an electron with
total energy W, in all photon
directions (including  rest-mass
energy myc?) when it interacts with
the Coulomb field of target nucleus
of atomic number Z and atomic
mass A. The expression for the
cross section is given by [19-21]:

Z2ré dk P PZ+P%2 €W = €W, € 8 WW
G(We,k)————{——ZWW S S S 2R
137 k P, PZ+P2 ' P} p3 3 PP
k?(WZ w2+PZ P?) k (WeW+Pe WeW+P2 2kW, W )]} (18)
p3 p3 2P.P p3 e p3 PZP?

where 1y is the classical electron radius
=e?/m,c? = 2.818 x 10 3cm, W,, P,
and W, P are the initial and final values
of electron energy and momentum in
units of myc? and myc, respectively,
and k is the photon energy in m,c?
units.
The energy of the backscatter peak will
give by:
Eps = By — E, = —Z— (MeV) (19)
moc?
where E}, ; is backscattering energy, E,
is gamma energy and E. is Compton
energy.

Results and discussion
The main concern of the present
work is to calculate the most common
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nuclear static properties for some
selected target nuclei used for
production the pure beta emitter used
in fabrication the nuclear batteries. The
discussion of results for the nuclear
structure will divided into two parts as
follows; the first one is the most
nuclear ground state features, for A,
59C0, 124Sn, 146Nd’ 153Eu and 2037
nuclei, have been studied within
framwork of the HF method with
SkM* Skyrme parameterization. The
second one is the bremsstrahlung
spectrum and backscattered photons
for radioactive nuclei namely *°Ar,
GOCO’ 1258b, 147Pm, 15, and 204-”
produced by the (n,y) reaction on the
target nuclei Table 2.
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Table 2: The target nuclei used for production the pure B~ emitters for fabrication

the nuclear batteries.

Iﬁg?sit z N Dec(?\%ee\r};rgy Reaction Product nuclei | Bpax (MeV)
*Ar 18 20 0.565 (n,y) SAr 0.565
>Co 27 32 2.824 (n,y) *Co 0.318
'sn | 50 74 0.767 (n,y) #Sh 0.302
"“Nd | 60 86 0.225 (n,y) “'Pm 0.225
ey | 63 90 1.969 (n,y) MEy 1.845
7] 81 | 122 0.763 (n,y) 247 0.763

1. Charge, proton, neutron and mass
density distributions

An investigation of the charge,
proton, neutron and density mass
distributions for **Ar, **Co, '*'gn,
18Nd, **Eu and 2T nuclei have been
performed on the HF with Skyrme
force parameter SkM*. The calculated
results were shown in Fig. 1 as a
function of radius. For distinguishing
between the various nuclear densities
of each nucleus we used different
colors. The calculated nuclear density
profiles reveal that, with increasing
mass, the density at the center of an
atomic nucleus decreases slightly, it
means that as the mass number of each
nucleus increases, the central density
becomes less dense with increasing
volume and radius [22]. The charge
density distributions were obtained by
folding the charge distributions of a
proton with the density of the proton
determined using the HO wave as the
formula below

P 1/2
Réme = [(Rbme)” + (0.8)%]  fm
where 0.8 fm is the rms charge radius
of a proton [11].
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In computing the observable charge
densities using SHF method, another
fact should also be considered that the
nucleons themselves have intrinsic
electromagnetic structure. Thus one
has to compute the proton, neutron and
mass density of the nucleons. To
illustrate the behavior of the one
particle nuclear density distribution,
the calculated charge, proton, neutron
and mass densities of the target nuclei
are depicted in Figs. 1. Different colors
are used to differentiate between the
different nucleons nuclear densities.

In general point of view, we can
deduce that in the case of heavy nuclei,
the nuclear density is constant near
the center and falls fairly rapidly to
zero at the nuclear surface. Their
neighbors, so that, when one adds a
new particle to the system, most of the
others are not directly affected by its
presence. Thus, interior density does
not substantially change by increasing
the number of the value of p, is in the
range of 0.05-0.18 fm™ for medium to
heavy nuclei and decreases slowly with
increasing mass number.
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From these figures, it can be seen
that the central nuclear densities
gradually decrease as the nucleons
number A increases, this is due to the
change in the self-consistent HF
potential coming from the additional
nucleons. This change in charge
density is available in the interior and
the surface regions of the nuclei. The
contribution of additional nucleons to
the density is directly associated to the
orbits that are filled. These orbits are
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Fig.1: The calculated charge, proton, neutron and mass densities of the selected target
nuclei using SKM* parameterization.

changing the densities in the interior
and the surface regions.
2. Root mean square radii

The calculated mass, neutron,
proton and charge rms radii for the
selected target nuclei are tabulated in
Table 3 and depicted in Fig. 2. The
theoretical charge rms radii are
compared  with  the  available
experimental data taken from Ref.
[23], but the experimental data of the
rms proton, neutron and mass are
missing in the literature.
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Table. 3 The calculated mass, neutron, proton and charge rms radii (in fm) using SkM*

Skyrme  parameterization compared with  experimental data results
taken from Ref. [23]

Nuclei Mass Neutron Proton Charge Charge (Exp) t=rn-1p
BAr 3.349 3.358 3.339 3.437 3.4028 0.019
¥Co 3.748 3.779 3.711 3.799 3.7875 0.068
1245 4.726 4.798 4.618 4.688 4.6735 0.180
1oNd 4.978 5.037 4.892 4.947 4.9696 0.145
3Ey 5.056 5.115 4.970 5.023 5.1115 0.145
205T) 5.522 5.583 5.428 5.483 5.4666 0.155

It is obvious that, the calculated rms
radii of charge, proton, mass and
neutron  with SkM*  Skyrme
parametrization for **Ar, *°Co, '#sn,
1¥Nd, °Eu and 2®*TI nuclei have

increased with the increase of the mass
number. The theoretical charge rms
radii increasing from 3.437 for *Ar to
5.483 for “%*T| and have a good
agreement with experimental data.

6 T I T

55 —

35 —

Proton rms —

Neutron rms

Mass rms -

Charge,,., rms

/A /\ /\ Charge,, rms _
I | I | I |

120 160 200 240

Atomic no. (A)

Fig.2: Rms for selected target nuclei calculated using SkM* Skyrme parameterization
along with experimental data taken from Ref [23].

3. Neutron skin thickness

To determine neutron thicknesses,
based on Eqg. (17), the rms neutron and
proton density radii were exploited in
Table 2. Where the calculated neutron
skin  thickness t. The neutron
thicknesses for the 8Ar, *Co, 1%*sn,
18Nd, **3Eu and 2°*TI nuclei are given
in the last column of Table 2 and
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displayed in Fig. 3. The theoretical t,
values are increase with increasing
mass number. In the present work, the
12930 nucleus has the biggest values
0.180, and *Ar nucleus has the lowest
value 0.019. Where, t is the difference
between the neutron rms radius r, and
the proton rms radius rp.
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0.2 . .

0.16

0.04

&—<—— Neutron Skin Thickness

|

1 | 1 | 1

120

160 200 240

Atomic no. (A)

Fig 3: The neutron skin thickness for ®Ar, *Co, '**sn, ***Nd, **Eu and **TI nuclei using

SkM* Skyrme parameterization.

4. Binding energies

The calculated binding energies of
the selected nuclei **Ar, *°Co, **sn,
Y8Nd, *°Eu and 2T nuclei have been
tabulated in Table 4 and compared
with the experimental data taken from
Ref. [24]. The results are also

displayed graphically in Fig. 4. The
both experimental results and theoretic
al results of binding energies are
depending on mass number, when the
mass number increases the binding
energy increases.

Table 4: The calculated binding energy using SKM* Skyrme parameterization in MeV and
compared with experimental data results taken from ref. [24].

Nuclide SkM* Exp [24]
BAr 321.12 327.347
*Co 509.75 517.321 +0.001
1243n 1038.4 1049.980 +0.001
Nd 1194.2 1212.423 +0.002
gy 1236.4 1259.018 +0.002
2037 1586.6 1600.898 +0.002
2000 T T T T T T
1600 — s -
~ 1200 — o® —
= 800 — N
400 — ° B.E theo. |
¥ O O O BEexp.
o I | I | 1 | 1 | ] | |
0 ) {1 120 160 2000 240
Atomic no. (A)

Fig.4: The calculated
using the SHF method.
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total binding energies for selected target nuclei calculated
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5. Cross - Sections for
bremsstrahlung emission

In this section we will calculate
the bremsstrahlung spectrum for
radioactive nuclei *°Ar, ®°Co, '#Sb,
147pm, *Ey and 2°*TI that produced by
absorption of beta particles in
betavoltaic process. In nuclear battery
designs, the choice of a suitable
radioisotope with a suitable energy of
the ionization radiation is very
important. It is depending on the range
of the energy emitted from the isotope
in the material that the isotope is
embedded in. For betavoltaic a p-n
junction in a semiconductor is used as
a transducer. Beta particles transfer
energy to the target material by
Coulomb scattering and
bremsstrahlung emission [25]. Since
the incident beta particles have a mass
equal to the mass of the target
electrons, their path of losses energy in
a material will be random and
significant scattering. Simulation of the
beta particle tracks emitted from the
pure beta emitters in silicon carbide
(SiC) semiconductor have been
investigated and illustrated in Fig. 5
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using Mont Carlo code [26]. In these
figures the yz section were the beam is
coming parallel to the z-axis vertically
down to the sample. The
backscattering beta particles have been
shown in these figures with a red path.
The generation of secondary
gamma photons from bremsstrahlung
events, produced by interaction of beta
particles with the target nuclei,
requires an additional shielding in
battery design. Bremsstrahlung energy
generation is effective when transducer
material has a high atomic number,
since its scales approximately as Z?2 of
the target. In the present work, the SiC
semiconductor has been used as a
transducer material with relatively low
atomic number. Fig. 6 shows the
simulated  bremsstrahlung  spectra
produced by beta particles impinging
normally on the slab of SiC [27]. The
comparison of the bremsstrahlung
spectrums with different energies are
shown in Fig. 7, It has been found that
the probability density of the generated
bremsstrahlung decreases with the
increasing the bremsstrahlung energy.
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Fig.5: The trajectories of (a) *Ar, (b) *Co, (c) **°Sb,
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(d) *'Pm, (e) ™Eu and (f) ™TI

respectively beta particles into silicon carbide with the beam entering a slab. The blue lines:
absorbed within the sample, the red lines: backscattered (beta particle exits from the same

surface as it entered).
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(b)*Co

3
Energy (MeV)
6
We—T—717 1T 17 T T T T T 3
, (d)7Pm .
10° =
o
0 0.05 0.1 02 02 03
Energy (MeV)
10° T I T I T T
107 (Tl l
0.8

Energy (MeV)

produced by  absorption  of  (a) *Ar,

(b) ®°Co, (c) ***sb, (d) *’Pm, (e) **Eu, and (f) ***TI beta particles into silicon carbide.
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Fig.7: The comparison of the bremsstrahlung spectrums produced by absorption of target
nuclei (**Ar, ®°Co, *Sh, *'Pm, **Eu and %*TI) beta particles into silicon carbide.

6. Backscattered photons spectrum

all sources, the energy distributions

In the present work, a Monte Carlo initially increases and reach a
code has been used to provide insight maximum value, thereafter, they
into gamma ray simulator result and decrease rapidly with increasing

backscattering probabilities simulation
for the energy distributions and the
backscattered probabilities of gamma
photons of various energies, multiply
backscattered from  SIiC  semi-
conductor used in nuclear batteries are
presented. As is usual for detailed
Monte Carlo calculations, a gamma
photon is represented by its energy,
position  coordinate  (6,9), and
direction cosines relative to some
frame of reference. These quantities
are chosen as randomly generated
parameters with the selection of the
processes (one of photoelectric or
Compton) when an interaction occurs.
The Code provides the energy
distribution of backscattered photons
after several scatterings in the semi-
conductor.

The  energy distribution  of
backscattered  of  bremsstrahlung
photons produced by absorption of
beta particles emitted from **Ar, ®°Co,
125gh, 'Pm, *Eu and “*TI sources in
0.3 um thickness of SIiC  were
calculated and depicted in Fig. 8. For
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photons energy. Since the energy
distributions occur in small energy
region, a semi-logarithmic graph is
down.

The backscattering energy
distributions of gamma photons were
calculated for different incident photon
energies. The mechanism of interaction
depends on the type of particle, energy
and density. The results are shown in
Fig. 9 for *¥Ar, ®Co, *°sb, “'pm,
Eu and TI. The backscattering
energy distributions show similar
behavior. They have two clear peaks. It

is considerable that the energy
distributions of photons scattered
backward from the various beta

sources show peaks at approximately
0.00135-0.10015 MeV in the selected
energy range. It is caused by Compton
scattering in the material. The second
maximum is the backscattering energy
distributions occurs at different energy
value compared to the other sources,
probably due to the larger number of
bremsstrahlung photons from higher
energy beta source. As shown in
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Fig. 9, the energy distributions of
backscattering photons vary depending
on the decrease in their probability of
going forward through the SiC
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thickness. The peak positions of the
backscattered photons are shifted to
higher energies as the incident photon
energy increases.
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%Co, (c) *Sb, (d) *'Pm, () **Eu, and (f) ***TI beta particles into silicon carbide.
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Conclusions

From the research that has been
performed, it is possible to conclude
that the binding energies and rms radii
of the selected target nuclei calculated
using the SHF method with SkM*
parameterization are well reproduced
and close to the experimental data. The
SHF method is the wuseful for
calculating of the spherical nuclei
because this force is central and has
zero range interactions. The intensity
of bremsstrahlung photons produced
by beta particles absorption in SiC has
been investigated as a function of
energy. It was observed the intensity
increases with the increasing beta
particle energies and the backscattering
photons also increases. This method
can be used for optimization of the
configuration of radiation protection in
fabrication the nuclear batteries and it
also provides assistance to extend
nuclear data used in nuclear battery
technology and science.
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