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A study of Fermi hole and partial Fermi hole for Li- and C-Atoms in different
states 1s 2p, 1s 3p, 1s 3d and 2s 2p
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Abstract

The electron correlation effect for inter-shell have been analysed in
terms of Fermi hole and partial Fermi hole for Li-atom in the excited
states (1s? 3p) and (1s? 3d) using Hartree-Fock approximation (HF).
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Fermi hole Af(r12) and partial Fermi hole Ag(r12 ,r1) were determined
in position space. Each plot of the physical properties in this work is
normalized to unity. The calculation was performed using Mathcad

14 program.
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Introduction

The electron correlation in an atom or
molecule is of two Kkinds, due to
Coulomb and exchange interaction. In
the first of these, the classical Coulomb
repulsion between each pair of electrons
which have different spins, leads to the
formation of a hole in the atomic
or molecular charge cloud around each
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chosen electron which is called a
Coulomb hole [1]. The second kind, the
interaction of electrons with parallel
spins which keeps the electrons apart
and lead to the Fermi hole (it is also
known as the exchange hole) which
arises from the nature of fermions
The first numerical calculations for the
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Fermi hole in atoms were reported by
Maslen (1956) [2] and Sperber (1971)[3].
The Fermi hole was defined quantitatively in
terms of pair distribution functions by Boyd
and Coulson 1974 [4]. Explict calculations
of Boyd and Coulson 1974, Moiseyev et al.
1975 [5] for the 23s state of the helium
isoelectronic sequence and the ground state
of beryllium have provided a simple
physical picture of the average Fermi hole in
the charge cloud around any chosen electron
in simple atomic systems. The electron
correlation has been examined within inter-
shell for a series of Li-like ions in their
excited state (1s> 3s) comparing with
(1s? 2p) by AL-Bayati (1985) [6]. Inter-shell
descriptions were obtained at a Hartree-Fock
(HF) level from Weiss 1963 [7]. The Fermi
and Coulomb holes that can be used to
describe the physics of electron correlation
are calculated and analysed for a number of
typical cases, ranging from prototype
dynamical correlation to purely
nondynamical correlation by Buijse &
Baerends (2002) [8], and Fermi hole has
studied for the configurations 1s 2p and 2p?
for He atom where the Pauli principle was
satisfied by Dan Dill (2003) [9]. Partitioning
the second-order density into its pairwise
components, correlation effects were then
analyzed in terms of Fermi hole Af{r1,) and

= (6!)7]/2 ‘¢1s

where ¢ is the spatial part of the spin-orbital,
and o and f refer to the two components of
the spin part. The orbitals, in turn, are
written as an expansion in some set of
analytic basis functions

Dn| :Zcri]?(rin (4)

()., A(2)0.,(3)p.. S(@)p, a(5)p,,, o(6)
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partial Fermi hole g(ri2 ,r1) in (1s® 3s) and
(1s? 3p) states by Ali A. Alzubadi 2005 [10].
In the present reseearch, the analysis is
extended here to the third and fourth excited
states of the Li-atom (1s® 3p) and (1s® 3d).
Moreover, since the third and fourth excited
states have a none-zero total angular
momentum, a comparison of its correlation
properties with those for the ground state of
S symmetry, will be of special interest.

Theory and methodology

HF wave function is appropriate for
many different applications in electron
structure theory. It describe the internal
dynamics of an N-electron atom in the
internal spatial coordinates and the spin
coordinates and given by

T(rl’rz’- ° A \/—Z HV/K(KP) 1)

The total wave function of many particle
systems is written as a determinant of one-
electron functions (spin-orbitals) [7]. Then
the total wave function for three electron
system is given by

¥ =(3) | al)gy, B2)pua(3) 2)

and for six electron system

(3)

= (1s, 3p) or (1s, 3d). The bas is
functions y are standard normalized Slater-
type orbitals (STQO's) and given by [7]

Znlm (r,0,4,8) = R, (r, g)YIm| (0,9) (5)
Where
Ry(F,&)=n-r".el=0 (6)
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and C, represents the constant coefficient
yield from the self consistent field (SCF)
method, n is the principle quantum number,

& is the orbital exponent, and N is a
normalization constant given by [11]
N (2§)n+1/2 (7)

[(2n)]**

If (i,j) labels a pair of occupied ¢i and ¢; in
the restricted HF description of the system,
then the change, due to correlation in the
(1,J) component of the second-order density
[ij(¢m » xn) Which derived from the HF wave
functions using the partitioning technique of
Banyard and Mashat (1977) [12].

()= 5 00 oy ()= 0, (e (2] ©)

To study the physical properties for a many
particle systems, we must find the electron-
pair density for each individual electronic
shell, so

1—‘(Xm ’ Xn) = irij (Xm ! Xn) (9)

For any N-electron atomic system, the radial
interparticle distribution function is defined

A
I,

(0, e

(ri2, 0) r

a.
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in terms of the spin-free second order
density matrix as [13.14]

do,do,

fy(n,) = [T (R.F) (10)

12
where T, represents the space coordinates of

electron 1. The element of volume du; is
defined as do; = r;? sin 6,dg,dg,dr; -

IS =1’ +r —2rr,cosd, (11)
one obtains
r,dr, =rr,siné,do,, (12)

provided that ri, r, are kept fixed. The
combined volume element therefore
becomes [13]

do,do,

dr,
where ® denotes the angle of rotation given
in Fig. 1.

= 1,1, 1,, dRdF, sin 0,d0,dg,de (13)

2(r2, 92, (ﬂz)

12

1(r1, 91, (01)

\ 4

Fig. 1: a. The radial integration range in Equ.(3.10) is represented by the shaded area. b. Coordinate system
involved in the determination of f(ry,). Here, ry, 1, are position vectors for electrons 1 and 2 relative to the origin

point [13].
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By substituting Equ.(13) into Equ.(10), B P

we get [15] f(r) =1, Jﬁdﬂ an(]'rz)rzderH'[rldﬁ IFIZ(Q,FZ)Tdele
fij (r,) = r12'[1—‘ij (11 2,) [T, AT, I, sin 6, d6, dgy do b B (16)
(14)

In the foregoing, the distribution
function f(r,) is averaged over all
positions of the two electrons. But we
might ask what the distribution function
would look like if one of the electrons is

For the spherically symmetric case
(s-orbital) where the azimuthal (or
orbital) angular momentum quantum
number ¢ =0, f(ri2) can be evaluated

from [13]. e .
[13] at a specified distance from the nucleus.
S . If the position of electron 1 is specified
f(r,)=87"r, Iﬁdﬁj F(Wz)fzdfﬁfﬁdﬁ Jr(rl,rz)rzdrz as T then one can introduced a new
0k B distribution function which depends on
(15) r,and T, and given by [17]
In the present analysis the 2p, 3p and g(r, F) =T, T, I T, (F,5,) T, dr, x1 (17)

3d states are examples of non-spherically

symmetric system. The expression for

f (r,, ) obtained from [16] | represent the integrals of the most
general type

"’12*"1‘

U= (Yo (0 $) Yo, O Y, (0 8,) Y/, (6, 8,)5iN 6,d6,d g d o

| can be written as [10]

1
1 e li+0, U3+, L L L L 2
IZE(_)Z ) Z {M}><C(£1£2£;ml—m2m)C(€3€4€’;m3—m4m')

iftrmty] el LU
C(¢, ¢, ¢;000) C(¢, ¢, ¢;000)x(-)™ P (cOs8,,)8,,,5, (18)
where
C(,¢,0;m —m, m) is the Clebsch- Eq.(12) can be written in term of Wigner
Gorden coefficient defined by [18], and 3] symbols by using the following
is sometimes expressed in traditional relation
notation (L, l,mm,| 0,0, 0m), <€1122m1m2éﬂﬂm):(—l)““zmmvl l, ! j
L, =2/, +1, m=m, —m,, m m, -m
m=m;—m, and &, s the (19)

Kronecker delta function.
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The important properties and the values
of Wigner 3j symbols were given and
tabulated in Ref. [19]

The associated Fermi hole can be
written as a difference between the
electron-electron distribution function
f(r1y) for triplet state (>s) or (o) and
these for singlet state (*s) or (o) [10]

Af(ry,) = fKM(ss) (o) - fKM(ls) (r2) (20)

and the partial Fermi hole, Ag(riz,r1) is
defined as the different between the
partial distribution function g(riz,r1) for
triplet and singlet state

Ag(r, 1) = gKM(3s) (hp 1) — gKM(ls) (r 1)
(21)

Partial Fermi hole Ag(riz,ri1) against
(ri2,r1), enables us to study correlation
effects when the test electron 1 is located
at a given radial distance from the
nucleus; the integral of Ag(ri2,r1) against
ry equals Af(ri2).

Results and discussion

The probability of finding the
inter-particle distribution function f(ry,)
between electrons unlike and like spins
in KM shell for Li-atom in the different
excited states can be observed in the
curves (A) and (B) presented in Fig. 2.
For both states, at small ry,, the f(ry)
distribution  function is influenced
mainly by the electron pair behavior,
since the outer electron cannot
penetrates the K-shell, so we see a flat
region. The absence of this feature is due
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to the difference in symmetry of the 1s
and 3p and 3d orbitals. In 1s 3p state
these curves indicates two principal
maxima in each curve refer to the
probability of finding the outer electron
one in 2p and the other in 3p. For 1s 3p
state the maximum values of f(ri)
between electrons with like spin is
greater than between electrons with
unlike spin and the locations is less and
vice versa for 1s 3d state. The maximum
values of f(ry2) for 1s 3d > 1s 3p and
vice versa for its locations.

We now examine the inter-
particle distribution function f(ri2) for
inter-shells as 1s, 2p,, 1S 2pa, 2S. 2pP.
and 2sg 2p, of the C-atom in Figs.(3) (a)
and (b) for 1s, 2p,, 1sp 2p., 2S. 2p, and
2sp 2p, Wwhich show the 2p electrons
cannot penetrated the 1s or 2s so we see
a flat regions at small ry, and this regions
for aa > Pa  because Fermi effect and
the density of two electrons in parallel
state larger than in singlet state in 1s 2p
but vice versa for 2s 2p, the maximum
values of f(ry,) for 1s 2p > 2s 2p and its
locations for 2s 2p > 1s 2p. It can be
seen that Fermi hole is plotted as a
difference between f(ri2) of K, M, shell
(triplet state) and Kz M, shell (singlet
state) for Li-atom in the different excited
states in Fig. 4 and for different states of
C-atom in Fig. 5 which shows the depth
of Fermi hole decreases and its radius
increases when the outer electron excited
to farther orbital in Li-atom and an
increasing in the depth and radius of
Fermi hole in 2s 2p state compared with
1s 2p state in C-atom, due the large
distance between tow electrons in
L-shell.
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Fig. 2: The inter-particle distribution function f(ry,) for Li-atom in the dhifferent excited

states (a) 1s, 3p,, 1ss 3p, and (b) 1s, 3d, , 1S4 3d,.
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Fig. (3). The inter-particle distribution function f(ry,) for Li- atom in the different excited
states (a) 1S, 2p,, 155 2p, and (b) 2, 2p,, 254 2P,
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Fig. 4: The Fermi hole A f{r.,) evaluated from f,,(r12)-f,(r12) for Li- atom in different
excited states (a) 1s 3p and (b) 1s 3d.
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Fig. 5: The Fermi hole A f{(r:;) evaluated
from f,,(r12)-fg,(r12) for C-atom in
different excited states (a) 1s 2p and (b) 2s
2p.

The g(riz,r1) diagrams (surfaces
and contours) for KM(%s), KM('s),
KL(s), KL(*s), LL(’s) and LL(*s) shells
for Li- and C-atoms in states 1s 3p, 1s
3d, 1s 2p and 2s 2p in Figs. 6-9
respectively, show the change in
behavior of the inter-particle probability
functions as the position of the test
electron is varied and show the same
characteristics in the region of the
diagonal ri,=r; axis, when r; is large
compared with rx. This similarity also
holds for the features parallel to the ry,
axis, when ryr, =r, . Such features
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are characteristic of an inter-shell
distribution. In 1s, 3p,- shell r; values
represent the location of the three
maxima for K-, L- and M- shell. In the
diagonal  structure, inspection  of
g(ry,, 1, Jconfirms that at the maximum,

when ri=ry, the value of ry; does indeed
exceed ry. Furthermore, for a given
diagonal contour, the span of r; indicates
the spreads of the L- and M-shells
densities whereas, for a fixed choice of
ri, say ri = rv, the range of ry, reflects
the relative compactness of the K-shell
density. Conversely, for the parallel
feature, the ranges of r; and ry, relate to
the K-, L- and M-shells distributions,
respectively. Naturally, the Fermi effect
produces negligible values of g(ri2,r;) at
small ry, for all ry.

Distribution for 1s; 3p,-shell
shows the characteristic diagonal and
parallel features seen previously for 1s,
2p,. However, since Fermi effect is not
present in this instance, the mini K-shell

effect does not appear in the
g(r,, 1, )surface due to the different
symmetry.

The same behavior can be seen in
1s 3d state but there different existence
in ry values represent the maxima of two
probabilities of finding electron in K-
and M-shell in because outer electrons
cannot penetrates L-shell.

The g(ri2,r1) diagrams (surfaces
and contours) for 2s, 2p, and 2ss 2p,
sub-shells for C-atom have their main
characteristics located about the ri; = rp
diagonal line, and the maximum value
for the density where ry = ry, and rp =
rasop. AS there is a very small effect
parallel to the ry, axis represent the
probability of permeation the 2s electron
to 1s so r; = ris and ry, represent the
distance distributions between 1s and 2p
sup-shell. In addition, and as expected,
for every inter-shell.
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Fig. 7: The surfaces and contours of the partial distribution function g (ljz, r, ) for 1s 3d state

of Li-atom in excited state (1s°3d), (a) 1s, 3d, and (b) 1s; 3d,,.
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Fig. 8: The surfaces and contours of the partial distribution function g (flz, fz) for 1s 2p state

of C-atom (a) 1s, 2p, and (b) 1s, 2p,.
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Fig. 9: The surfaces and contours of the partial distribution function g (flz, fz) for 2s 2p state
of C-atom (a) 2s, 2p, and (b) 2s, 2p,..
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A partial Fermi hole as a difference
between aa and Po for the selected
systems of Li- and C-atom are plotted as
surface and contour diagrams in Figs. 10
and 11 respectively. These Figures show

(a) 1s 3p

s10Y

Ag(riz,r)

0.0014

o

1 (@) 1s3p

K]

Ag(riz,r)
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that the depth of partial Fermi hole
decreases and the radius increases as the
outer electron excited to 3d orbital in Li-
atom and the depth as well as the radius

of Ag(F,,,T,) for 1s 2p < 2s 2p.

4yoy(0) 15 3d

01

310%

o

| (b)1s3d

4

r

2

o

Fig. 10: The surfaces and contours of the partial Fermi hole Ag(r1,,r1) evaluated from
Oaa(r12,1)-9pa(r12,r1) for Li- atom in different excited states (a) 1s 3p and (b) 1s 3d.
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Fig. 11: The surfaces and contours of the partial Fermi hole Ag(r1,,r1) evaluated from
Oaa(r12,1)-pa(r12,r1) for different states of C-atom, (a) 1s 2p and (b) 2s 2p.

Conclusions

From the present research, we
deduce some notes for the inter-particle
distribution function f(ry,), Fermi hole
Af(r12), the partial density distribution
function g(ri2,r1) and partial Fermi hole
Ag(ri2,r1). When comparing the f(ry)
and g(ri2,rp) for Li- and C-atoms in the
different excited states, we see the
maximum values for 1s 3d are larger and
their location the nearest to the nucleus
from 1s 3p in Li-atom and for 1s 2p > 2s
2p in C-atom, and a flat region in the
small ry,. The depth of Fermi and partial
Fermi hole decreases and the radius
increases when the outer electron excited
to further orbital. The depth of Fermi
and partial Fermi hole for 2s 2p is > 1s
2p and vice versa for radius. As well as,
penetration the orbitals by further
orbitals electrons, occur only between
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orbitals similar in

symmetry.

are spherical
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