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Abstract

In this work, the calculation of matter density distributions, elastic
charge form factors and size radii for halo *Be, *°C and *'Li nuclei
are calculated. Each nuclide under study are divided into two parts;
one for core part and the second for halo part. The core part are
studied using harmonic-oscillator radial wave functions, while the
halo part are studied using the radial wave functions of Woods-Saxon
potential. A very good agreement are obtained with experimental
data for matter density distributions and available size radii. Besides,
the quadrupole moment for *'Li are generated.
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Introduction

The development of the radioactive bound. Due to

this poor binding, the

ion beams has allowed studies of
nuclei far from stability. This technical
headway led to the discovery of halo
nuclei on the neutron-rich side of the
valley of stability [1, 2]. These weakly
bound nuclei have a strongly
clusterized structure [3-6]. In a simple
model, they are seen as a core that
contains most of the nucleons, to
which one or two neutrons are loosely
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valence neutrons tunnel far outside the
classically allowed region and form a
sort of halo around the core [7].

The charge (nucleon) density
distribution can be determined by
electron (hadron) scattering
experiments. Among hadron scattering,
proton elastic scattering at intermediate
energies  besides, nucleus-nucleus
scattering using Glauber models are
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good tools to probe the nucleon
density [8].

Al-Khalili and  Tostevin  [9]
re-examine the matter radii of diffuse
halo nuclei as deduced from reaction
cross section measurements at high
energies. They took *'Li, "'Be and °B
as examples and showed that data
require significantly larger matter radii
than previously reported. Al-Khalili,
and Thompson [10], studied root mean
square (rms) matter radii of halo
nuclei. They reviewed a basic measure
in constructing, constraining, and
assessing theoretical models of halo
structures. They took loosely bound
two- and three-body systems 'Be, ®He,
11§, and *Be. Esbensen et al. [11]
investigated the consistency of the
measured charge radius and dipole
response of “Li within a three-body
model. They showed how these
observables are related to the mean
square distance between the °Li core
and the center of mass of the two
valence neutrons. Alkhazov and
Sarantsev  [12] cleared up the
sensitivity of the nucleus-nucleus
scattering to the nuclear matter
distributions of exotic halo nuclei,
They have calculated differential cross
sections for elastic scattering of the
®He and ™Li nuclei on several nuclear
targets at the energy of 0.8
GeV/nucleon with different assumed
nuclear density distributions in ®He and
“1i. Kanungo et al. [13] derived
proton radii of **?°C densities from
first accurate charge changing cross
section measurements at 900A MeV
with a carbon target. A thick neutron
surface evolves from ~0.5 fm in °C to
~1 fm in *°C. The halo radius in *°C is
found to be 6.4+0.7 fm as large as
1 i. Their Ab initio calculations based
on chiral nucleon-nucleon and three-
nucleon forces reproduced well the
radii. Karataglidis et al. [14] Diverse
means are used to investigate *"*°C,
their estimates have been made using a
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shell model for the systems.
Information from those shell model
studies were then used in evaluating
cross sections of the scattering of 70 A
MeV 1°C ions from hydrogen.

Theoretical formulations

The ground density distributions of
point neutron and proton for halo
nuclei can be written as [15]:
Prp(T) = ppp(r) + Pﬁ/p (r) 1)
where the density distributions of core
(pn/p(r)) are calculated using the
radial wave functions (R,;(r)) of
harmonic-oscillator (HO) potential
[16] as follows:

1 2
P = =T Xnys " R (. b))
2)

nl,core
X

In Eq. (2), n/p represents the

number of neutrons/protons in the nl
shell, where n and!l represent the
principal and orbital quantum numbers,
respectively. b, and t,, represent the
HO size parameters and isospin

quantum number (t, = % =p for

1
proton and t, = —s=n for neutron).

It is worth mentioning that the
summation in Eg. (2) spans all
occupied orbits in the core for any
nuclear sample under study. The
matter density distribution for whole
core nucleon can be written as a sum
the densities of core neutrons and
protons  (pr(r) = pp(r) + pa(r)).
pnp() in Eq. (1), represents the
density distribution for halo part and it
is calculated using Woods-Saxon (WS)

radial wave functions and can be
written as:

pill/p(r) =

1 lj,hal 2

=X X R, (1) ©)
where
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nlj,halo __ halo
Xn/p = NOtZ anlj (4)

In Eq. (3) and (4), Nof*° and

X1 vepresent the occupation and

fractional occupation numbers of
neutrons,  protons, or nucleons,
respectively in the sub-shell nlj, where
Jj represents the total angular quantum
number. Besides, a,; represents
probability of the existence of the halo
nucleons in higher sub-shells. Again,
the matter density distribution for
whole halo nucleons can be written as
a sum the densities of halo neutrons
and protons (pfs (r) = pi(r) + pf(r).
Ryujt,(r) is the solution to the radial
part of Schrddinger equation [17]:

(ﬁd_2 _ U(T) _ 1(1+1)h?
2u dr? 2ur?

gnlj,tz) Rpije,(r) =0 (5)

where pu=m; (A—1)/A is the
reduced mass of the core (A — 1) and
single nucleon, m, is the mass of
nucleon, A is the atomic mass, &, is
the separation energy of single halo
nucleon.

The local potential v(r) in Eq. (5)
is taken to be WS as shown in the
compact form below [18, 19]:

v(r) = Veene (1) + Vs0.() + vc(7) (6)

where
-Up

Veent(T) = m (7)

represents the central part of v(r), U,
is the strength or depth of central
potential, a is the diffuseness and
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R=1r,(A—1DY3 is the radius
parameter.
vs.o.(r) =

(mlﬂc)z %%m(lﬂ. G) =

T=Rs.0.

) e tede ©
g (1reas2"))
where (mf:cz)z ~ 2 fm? with myc? =

139.567 MeV and
hc = 197.329 MeV.fm .

1 ., 1
—5(l+1) forj=1-3

(L.6y=1 1| _ )
El forj=1+ >
Eq. (8) represents the spin-orbit part of
v(r), my is the pion mass, U, is the
strength  or depth of spin-orbit
potential, a,, Iis the diffuseness of
spin-orbit part, Ry, = 15, (4 —1)1/3
is the radius parameter of spin-orbit
and [ and & are the angular momentum
and the spin operators respectively.
Finally, in Eq. (6) v.(r) indicates
the Coulomb potential generated by a
homogeneous charged sphere and can
be written as [20]:

ve(r) = ,
z-D= if >R
(Z-1)e? r? ] ! (9)
pe Rt IR

For protons and v (r)=0 for
neutrons, with e? = 1.44 MeV. fm.
Therefore, Eq. (6) can be written as:

(T-Rs.o.
e\ aso.

(I.6) + vo(1) (10)

v(r):%_z mi Z1Usp,
(1veC) )

-R
1+e( a T aso. <1+e<raszé.>>

The charge density distribution
pcn(r) (CDD) is obtained by folding
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the proton density p,,. into the
distribution of the point proton density
in Eq. (1) as follows [18]:

pen(r) = fpp (M ppr(r—rHdr’ (11)

where p,(7) is taken to have a
Gaussian form, as follows [18]:

& w

ppr(r) = (\/Eapr)S
where a,, = 0.65 fm. Such value of
a,, reproduces the experimental
charge rms radius of the proton,

1/2
(1‘2)1/2 = ( ) ! ayr = 0.8 fm.

The  ground  state  density
distributions of point neutron and
proton for stable nuclei can be written
as:

pn/p(r) an Xn/p |Rnl(r)|2 (13)

The rms radii of neutron, proton,
charge and matter can be directly

|FF (@)

where j;(qr) and p.p ; (1) are spherical
Bessel function and charge transition
density distribution, respectively.

The total longitudinal form factors are
given by:

IF(@)I2 = %,|FE (@) 17)

For small g leading to photon point
(g=w =%), E, is the excitation
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calculated  from  their  density
distributions [18]:
4 [e]
<r2>:1,/1ich,m= Ynfo pn,p,ch,m(r)rzdr
(14)

In Eqg. (14), X denotes to N (number
of neutrons), Z (atomic number which
is the same for proton and charge) and
(A), respectively.

The longitudinal electron scattering
form factors in the first Born
approximation can be written as [21,
22]:

7 @I = gy Urll0f @l

(15)
where g represents the momentum
transfer from electron to nucleus
during scattering. Eg. (15) can be

simplified to the following [23]:

4 o , 2
- ZZ(Z;:+1) |f0 J3@r) pen,y (r)ridr| (16)

energy, the spherical Bessel function
can be written as:

. G0 PR C) R
Jy(gr) = (2]+1)!!( 2@i3) ) -
(qr))

@Jj+D! (18)

The Coulomb form factor in Eqg. (16)
can be reduced to:

2

4 q’ ®
A =wl = 2@+ D\ + 1)”) f peny () T2 dr
76 = wil’ = s (525 10yllo, Bl (19)

From Eq. (19), the multiparticle
reduced matrix element of electric

multipole operator can be written as:

Urlloy @l = 225 [ Ff (g = w) (20)

The quadrupole moment is related to
the multiparticle reduced matrix

element of electric multipole operator
by the relation [20]:
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—_
(@)
3
—
—~
[\S]

1) Urlloy @l
(21)

-] 0

T 2 I
0= (), 2 d)em B

o

The transition density distribution
in Eg. (16) are coming from
contribution of core-polarization (CP)
and model-space (MS) as follows [24]:

Peny (1) = pn (1) + poy (1)

In the present work, p&(r) is
calculated using Tassie [25-27] and
Bohr-Mottelson [28] models,
respectively as:

]f Ji]
a,b,t,

p]tz( )_\/ﬁ\/zj—_’_Zab

where X]f Tid s the proton or neutron

one body density matrix element and
a and b stand for the single-particle
states.

The incoherent sum of the
longitudinal form factor for ground CO
and C2 parts can be written as:
IF(@)I? = [Fo(@)? + |1F()I?  (26)

The pq(r) CDD coming from
contributions of one protron in the
model-space is obtained by folding the
single protron charge density p,,, into
the distribution of the point proton
density (p S(r)) in Eq. (25) with the
same procedure followed in Eq. (11).

The p.(r) CDD coming from
contributions of neutrons in the model-
space is obtained by folding the single
neutron charge density p,., into the
distribution of the point neutron
density (p7%3 () in Eq. (25) as follows
[30]:

Pcn(r) (27)

= fp}\,/lrf(r)pneu(r —r)dr’

(ja | |Y] | |]b> Rnalajartz (r)Rnb lpjptz (7”)
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Therefore, the quadrupole moment can
be reduced to the following final
formula:

(22)
Pony (r) = NrI =1 iy (1) (23)
and
Peny () = N 2 pen(r) (24)

where, N in the above two equations
are found so as to reproduce the
experimental quadrupole moments.
pje () can be written as [29]:

(25)

where pp..(7) is taken to have a
Gaussian form as follows [30]:

Preu(r) = - T30, 7/ (28)

where the parameter 6; and r; from
Chandra and Sauer are given in
Table 1.

Table 1: Parameter of the neutron charge
distributions.

6, 1

6, -1
r (fm%) 0.469
r$ (fm?) 0.546

For *Li, the shell model calculation
is done using the NuShell computer
for windows [31] with the interaction
psdmk [32] where the core is taken

with be (1s,/,)" while the model-
space spans all psd subshells

7
(1P3/2 1p,/ 1d5/2 251/21‘13/2) .
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Results and discussions

In the present work, the MDDs,
rms proton, charge, neutron, and
matter radii, besides elastic electron
scattering charge form factor, are
computed wusing the radial wave
functions of HO potential for core part
for all nuclei under study, the halo part
are computed using the radial wave
function of WS potential. Regarding
the core part, two HO size parameters
are used, one for protons (b,) and the
second for neutrons (b,) in order to
regenerate the available experimental
rms radii.

The depth of central part of WS
potential (Uy) in this work is chosen so
as to reproduce the experimental
single-nucleon separation energies for
"Be, °C and MLi nuclei, while other
parameters in Eg. (8) are fixed to be
Uso. =10, ag=as,. =06, 1=
Tso. = Rc = 1.2.

For halo "'Be, *°C and Li nuclei,
the chosen size parameters of HO
potential for protons and neutrons in
the core part and the parameters of WS
potential are presented in Table 2. The
configuration mixing included in our
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calculations as mentioned in Eq. (4)
using probability amplitudes (ay;). In
this work the configuration mixing are
chosen between the sub-shells, a 1452,
zs1/2 and ajq3/,for *'Be and °C,
while the configuration mixing for *'Li
are chosen to be between a,p;,, and
azs1/2 » as shown in Table 2.

The computed rms proton, charge,
neutron, and matter radii are presented
in Table 3, for the nuclei under study.
The computed results of the rms
charge and matter radii are well
predicted for the nuclei under study.

The calculated MDDs are shown in
Fig.1 and compared with experimental
data. The solid and dashed curves
represent the calculated MDDs for
nuclei under study using HO+WS and
HO+HO, respectively. It is obvious
that the inclusion of configuration
mixing to insure the contribution from
higher subshells leads to freely get
match between the calculated matter
density distribution and experimental
at tail part. Very good agreements are
obtained with experimental MDDs in
all figures shown in Fig. 1.

Table 2: HO and WS parameters for core and halo parts.

HO size Occupation Uy(MeV) Separation
nucleus | parameters for | nl; percentage energies of halo
core (fm) (ernm )* nucleo[gz ](M eV)
1ds,, 10 % 62.933 S, = 0.50164
u b, =1.660 | 25, 70 % 62.5234 S, = 0.50164
aBe; | by =1647 g 20 % 90.67812 | S, =0.50164

1ds 10 % 41.16488 S, = 0.580

18C13 by =1921 |25, 70 % 44.62558 S, = 0.580

by =1631 4, , 20 % 61.14195 S, = 0.580
b, = 1.75 1py/; 90 % 4477765 | S,, = 0.36928
ULig | b, =1.727 S, = 0.18465
2542 10 % 59.82919 | S, = 0.18465

nlj,halo
nljhalo _ Xn,p,m _
* pern,p,m - No?al" - anj anlj

Z

34
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Table 3: The calculated (r2)YZ, (r?),/%, (r2),/%, and (r2)/%.
Rl = A N = I K G G M = RGO P )
nucleus |~ (rm) (fm) fmy | @ | gm) | (fm)
(fm)
11Be, 2.46 | 2.463£0.016 2.328 2.361 3.253 2.95 2.91 4 0.05 [34]
[34] +0.017
[34]
¢, | 2.528 _ 2.40 2.4(3) | 3485 | 3.6 3.16(7) [13]
[13]
ULig | 247 | 2474004 2338 | 2.37+004 | 3865 | 3515 | 3.5+0.09[34]
[34] [34]
10" T T T T T T T T

Density Distributi
HO+WS

= HOFHO

s EXP. DATA [35]

10"

Matter Density Distributions of “C
HO+WS
= HO+HD
e EXP. DATA [36]

T T T T T T
Matter Density lDiStl'iIJlltiDl‘lE of 11
HO-W3
= HO-HO

ey EXP. DATA [37]

The calculated charge form factors
are illustrated in Fig. 2(a) for "'Be, 2(b)
for °C and 2(c) for MLi, respectively,
and compared with experimental data
of the corresponding stable nuclei. In
Fig. 2(a) and Fig. 2(b), the solid and
dashed curves represent the calculated
charge form factor in HO+WS and

r (fm)
Fig. 1: The calculated matter density distributions for *'Be, *°C and "'Li.

35

10

HO+HO, respectively. It is clear from
aforementioned both figures that the
results of HO+WS shift the results
upwards to approach experimental
data, on contrary to the results of
HO+HO which underestimate the
calculated charge form factors. In
Fig. 2(c), the solid and dashed curves
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represent the calculated charge form
factor using Tassie and Bohr-
Mottelson models, respectively where
the incoherent sum of the €0 and C2
components are applied on Li
according to the Eq. (26). All results in
Fig. 2 provide predictions for the
future experiments on the electron-
radioactive beam colliders where the

1Be (1/2* 112
HO+WS

= HO+HO

1 F @ @ @EXP. DATA of 'Be [40]

10
. .Il. A.Ei(p_ Dﬁerfnlilra [41]'

© OEXP. DATA of "Be [39] A%

1] 1 2 3
g (fm™)

Arkan R. Ridha and Zaid M. Abbas

effect of the neutron and proton halo or
skin on the charge density distributions
and charge form factors is planned to
be studied, where the normalization
constant in Eg. (23) and (24) are
computed using the CDD of HO+WS
so as to reproduce the experimental
quadrupole moments, —3.33 + 0.05
efm? [38].

H19¢ (12 Ly
HO+WS

— HO+HO
& @ @EXP. DATA of ¥IC [42
O OEXP. DATA of 12C [4

10
10°
10"
10°
107
10*
10°
10*
107
10"
107
10"

IF(q)l2

(o]
.

LT (ar2g 3129)
Tassie

= Bohr-Mottelson
QO OEXP, DATA of "Li [43]
® @EXP. DATA of "Li [44

1u-||

q

(fm’1)

Fig. 2: The calculated charge form factors for halo *'Be, **C and ''Li nuclei compared with

stable °Be, **C and ’Li nuclei.

Conclusions

The MDDs of one-neutron halo in
1Be and ¥*C, and two-neutron halo in
i have been calculated in HO for
core parts and WS potential for halo
parts. The elastic Coulomb electron

scattering form factors for
aforementioned nuclei have been
studied in shell model. Besides,

the quadrupole moment for 1Lig are

36

investigated in this work. A very good
agreement with experimental data for
the calculated rms charge and matter
radii and MDDs are obtained for the
three nuclei under study. The results of
the calculated elastic charge form
factors for the nuclei are controversial
till future experiments on the electron-
radioactive beam colliders are settled.
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