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 لنوى sdpf  وتقاطع قشرة sd الشحنات الفعالة المجھرية وعزوم رباعية القطب لقشرة 

Z≥13                        

  احمد حسين علي ، رعد عبدالكريم راضي

 العراق بغداد، جامعة بغداد، كلية العلوم،  الفيزياء قسم

   الخلاصة
ذات  ظائرلن    sd-pfو تقاطع   sdلنظائرقشرة عزوم رباعية القطب الكھربائية والشحنات الفعالة  حسبت     

 .ωħ 2فجوه مع طاقة تھيج  –استخدمت نظرية الاضطراب من جسيم . 13 الاعداد الذرية الاكبر او يساوي
اما للنوى الغنية بالنيوترونات  ذات عدد . 20لعدد نيوترونات الاصغر او يساوي    sd  تكافؤ استخدم فضاء قشرة

 لبروتوناتل ممتلئ sd  للنيوترنات  وفضاء تكافؤ القشرة sd-pf استعمل  فضاء تكافؤ  ، 20نيوترونات اكبر من 
 .(Z-8) التوافق  يتباينبيانات المقاسة لأغلب النظائر المفترضة في ھذا العمل بينما التوافقات جيدة مع  حصلت

 .لى مزيد من التحقق والبحثا وتحتاج منھاللبعض 
 

Introduction 
     The nuclear quadrupole moment, is 
considered as a probe for the deviation 
of nuclear charge from spherical 
symmetry. The available experimental 
quadrupole moment data for sd shell 
nuclei are fundamental tools for 
describing microscopic theories and 
nuclear structure studies in this mass 
region. Neutron-rich nuclei far from 
stability line provide an attractive 
testing ground of nuclear structure 

studies. They have been extensively 
investigated because their exotic 
properties which are different from 
those of stable nuclei. Moving away 
from stability line, revealed that the N 
= 28 shell gap is eroded in spite of the 
magic character for other nuclei near 
the stability line. Recent theoretical 
and experimental studies [1-3] show a 
direct evidence of collapse of N = 28 
shell closure. Full sd-shell calculations 
are possible for neutron-rich sd-shell 
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nuclei with N ≤ 20. For N > 20, sdpf 
model space is required in this case. 
However, full sdpf is not possible, so 
the valence (active) protons are 
restricted to the sd shell and N > 20 
neutrons to the pf shell. The 20 
neutrons are frozen in s, p and sd-
shells. For electric quadrupole moment 
calculations, model space wave 
functions alone cannot describe such 
collective features, and one needs to 
renormalize the matrix elements to get 
a satisfactory description of the 
experimental data. The conventional 
approach to supplying this added 
ingredient to shell model wave 
functions is to redefine the properties 
of the valence nucleons from those 
exhibited by actual nucleons in free 
space to model effective values [4]. 
Effective charges are introduced to 
take into account effects of model-
space truncation. A systematic analysis 
has been made for observed B(E2) 
values with shell-model wave 
functions using a least-squares fit with 
two free parameters gave standard 
proton and neutron effective charges, 

eee 3.1ff
p  and eee 5.0ff

n  [5], in sd-

shell nuclei. The least-square fit for the 
effective charges for sd-shell nuclei 
from A = 17 to A = 39 gave essentially 
the same results for USD, USDA and 
USDB Hamiltonians: ep= 1.36(5)e  and  
en= 0.45(5)e [6]. Rydt et al. [7] showed 
that the proton effective charge 1.1e 
obtained by a comparison of measured 
quadrupole moments of odd-Z even-N 
with shell-model calculations provides 
a much better description of nuclear 
properties in the sd-shell than the 
standard value 1.3e.   
     In spite of the need of these 
effective charges to renormalize the 
matrix elements, several discrepancies 
between theory and experiment are 
revealed, triggering the need for 
further experimental and theoretical 
researches and a revision of the 

effective charges [8]. One particle- one 
hole excitations of the core and model 
space provide a more practical and 
theoretical alternative for calculating 
nuclear collectivity. These effects are 
essential in describing transitions 
involving collective modes such as E2 
transition between states in the ground 
state rotational band, such as in 18O[9]. 
The quadrupole moment gives a useful 
measure of how the core is polarized 
especially if the valence nucleons are 
neutrons which do not directly 
participate to the electric quadrupole 
moment. Quadrupole moments and 
effective charges are calculated [10] 
for Li (A = 7, 8, 9, 11) and B (A = 8, 
10, 11, 12, 13, 14, 15) isotopes based 
on the shell model including core-
polarization effect, which agree very 
well with the experimentally observed 
trends of the recent experimental data. 
     A review of the ground state 
quadrupole moments for the entire sd-
shell nuclei has been presented and 
compared to shell-model calculations 
using standard effective charges [3].  
     In the present work, we will adopt 
shell model calculations with a 
harmonic oscillator (HO) and Woods-
Saxon (WS) single particle wave 
functions to calculate the quadrupole 
(Q) moments of sd and cross sd-pf 
shell nuclei with Z ≥ 13. One particle- 
one hole (1p–1h) excitations from the 
core and model space will be taken 
into consideration through first-order 
perturbation theory.  
 
Theory 
     The one-body electric multipole 
transition operator with multipolarity J 
for a nucleon is given by 

)()(ˆ
kJM

J
kkJM YrrO 


,                     (1) 

                                                   
     The electric quadrupole moment in 
a state | 0  is [11] 
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where e(k) is the electric charge for the 
k-th nucleon. Since e(k) = 0 for 
neutron, there should appear no direct 
contribution from neutrons; however, 
this point requires further attention: 
The addition of a valence neutron will 
induce polarization of the core into 

configurations outside the adopted 
model space. Such core polarization 
effect is included through perturbation 
theory which gives   effective charges 
for the proton and neutron. The Q 
moment can be written in terms of the 
proton and neutron contributions 
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where tz = 1/2 for a proton and tz = -1/2 

for a neutron and izi JtrOJ ||),(|| 2


 is 

the J = 2 electric matrix element which 
is expressed as the sum of the products 

of the one-body density matrix 
(OBDM) times the single-particle 
matrix elements, 

 

 





jj

zziizi jtrOjjjtJJOBDMJtrOJ ||),(ˆ||),,,2,(||),(ˆ|| 22


,                            (4) 

                                              
where j and j’ label single-particle 
states for the shell model space.  

      The role of the core and the 
truncated space can be taken into 
consideration through a microscopic 
theory, which combines shell model 
wave functions and configurations 
with higher energy as first order 

perturbation to describe EJ excitations: 
these are called core polarization 
effects. The reduced matrix elements 
of the electron scattering operator  is 
expressed as a sum of the model space 
(MS) contribution and the core 
polarization (CP) contribution, as 
follows: 
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     Similarly, the CP electric matrix 
element is expressed as the sum of the 
products of the one-body density 

matrix (OBDM) times the single-
particle matrix elements, 
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where the operator Q̂  is the projection 
operator onto the space outside the 
model space. The single particle core-

polarization terms given in Eq.(7) are 
written as [11]  
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+terms with 1j  and 2j  exchanged with 
an overall minus sign,                                                                         
where the index 1j  runs over particle 

states and 2j  over hole states and ɛ is 
the single-particle energy. 
     For the residual two-body 
interaction Vres, the two-body 
Michigan three range Yukawa (M3Y) 
interaction of Bertsch et al. [12] is 

adopted, where the two-body 
interaction can be used which is not 
restricted to a specific shell. 
     The quadrupole moment can be 
represented in terms of only the model 
space matrix elements by assigning 
effective charges( )( z

eff te ) to the 
protons and neutrons which are active 
in the model space, 
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     The effective nucleon charge can be  obtained as follows 
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where )( zte  is the nucleon 
polarization charge. 
  
Results and discussion 
     Shell model calculations are 
performed with NuShellX [13] with 
the sd model space for neutron number 
N ≤ 20, which covered the orbits 1d5/2, 
2s1/2 and 1d3/5 and sdpf model space for 
N  > 20. Results based on the sd-shell 
interactions USDB (universal sd-shell 
interaction B) for sd-shell model space 
[14] and the sdpf interaction sdpf-u 
[15] for sdpf model space with valence 
(active) protons are restricted to the sd 

shell and N-20 neutrons to the pf shell. 
The 20 neutrons are frozen in s, p and 
sd-shells (full sd valence space for Z-8 
protons and full pf valence space for N-
20 neutrons). 
     The 2s1d shell interaction USDB 
used on this work is based on the 
derivation of the USD Hamiltonian 
[16] which has been refined with an 
updated and complete set of energy 
data. The Hamiltonian USDB leads to 
a new level of precision for realistic 
shell model wave functions. The radial 
wave functions for the single-particle 
matrix elements are calculated with the 
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harmonic oscillator (HO) potential. 
The size parameters b are calculated 
for each nucleus with mass number A 
as  

 ,
pM

b


  with 

45A1/325A2/3 [4]. The root 
mean square (rms) charge radius is 
calculated for each isotope, using HO 
single particle states and compared 
with the available experimental data of 
Ref. [17], and presented in tables 1-7, 
for each isotope considered in the 
present work. Microscopic perturbed 
calculations have been performed to 
include configurations excluded by the 
model space which incorporate one-
particle-one-hole excitation from the 
core and the model space orbits into all 
higher orbits with 2   excitation. 
Effective charges for the model space 
protons and neutrons are obtained as 
given in Eq. (11). Calculations for the 
Q moments are presented for isotopes 
with Z ≥ 13 and compared with the 
available experimental data given in 
Ref. [18] (the most recent data). No 
sign is given if it was not determined 
by experiment.  
 

1. 13Al isotopes  
     The quadrupole moments are 
calculated for Al isotopes with mass 
number A = 23, 25, 26, 27, 28, 31, 32, 
33 and with neutron number N = 10, 
12, 13, 14, 15, 18, 19, 20, respectively. 
The proton and neutron effective 
charges are calculated according to 
Eq.(11) and tabulated in Table 1. The 
effective charges for the isotopes of 
mixed isoscalar- isovector states         
(Ti ≠ 0) are nearly equal each other as 
can be seen from Table 1. For pure 
isoscalar (Ti = 0), the proton and 
neutron polarization charges δe(tz) are 
0.34e. The calculated quadrupole 
moments using these effective charges 
are all in a good agreement with the 
experimental data of Ref. [18], except 
25Al isotope, where the calculated 
value underestimates the measured 
value by about a factor of 1.4. The 
discrepancy between the theoretical 
and experimental results of the Q 
moment for 25Al indicates a large 
deformation of this isotope which 
needs further research. The calculated 
and measured Q moments are shown in 
Fig. 1 as a function of neutron number 
N.

 
Table 1: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO)     
potential for Aluminum (Al) isotopes (Z = 13). Effective charges are obtained from core- 
polarization calculations. Experimental quadrupole moments are taken from Ref. [18]. 

,  
13Al 

  rms theo. rms exp.   . 
 

. 

23, 10 5/2+ 1.805 3.075  1.21 0.44 15.27 16±5 
25, 12 5/2+ 1.825 3.102  1.19 0.48 17.05 24±2 
26, 13 5+ 1.834 3.114  1.34 0.34 25.51 +26±3 
27, 14 5/2+ 1.843 3.126 3.061 1.20 0.49 15.01 +14.02±1.0 
28, 15 3  1.851 3.141  1.19 0.49 15.52 +17.2±1.2 
31, 18 5/2+ 1.876 3.188  1.20 0.48 14.15 13.4±2.0 
32, 19 1+ 1.884 3.200  1.20 0.49 2.52 2.5±.2 
33,20 5/2+ 1.891 3.211  1.18 0.46 10.96 13.2±1.6 
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Fig. 1: Experimental [18] and theoretical quadrupole moments versus neutron number for 
Al isotopes. 
 
2. 14Si isotopes  
     The quadrupole moments are 
calculated for Si isotopes with mass 
number A = 27, 28, 30, 42 and with 
neutron number N = 13, 14, 16, 28. 
The results of the Q moments are 
displayed in Table 2 in comparison 
with the experimental values. The Q 
moment for 28Si (Ti = 0) agree very 
well with the experimental data, while 
for Ti ≠ 0 isotopes, the calculated 
values overestimate the measured 
values. The calculated and measured Q 
moments are shown in Fig. 2 as a 
function of neutron number N. For A = 

42 (N = 28), no experimental value is 
available, and the calculated Q 
moment is 17.68 e fm2. This value 
shows a large prolate deformation for 
N = 28 closure, which indicates the 
drastic shape change when protons are 
removed away from the Z = 20 isotone 
48Ca.  This is value is close to that of 
Ref. 1, with effective charges 1.35e 
and 0.35e, for the proton and neutron, 
respectively. Our calculated effective 
charges for this isotope are 

eee 28.1ff
p  and .35.0ff

n eee   

 
Table 2: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO) 
potential for Silicon (Si) isotopes (Z = 14). Effective proton and neutron charges are 
deduced from the core polarization calculation. Experimental quadrupole moments are 
taken from Ref. [18]. 

A, N 
14Si 

  rms theo. rms exp.   . . 

27, 13 5/2+ 1.843 3.162  1.2 0.49 12.21 6.3±1.4 
28, 14 2  1.851 3.173 3.122 1.35 0.35 17.78 +16±3 
30, 16 2  1.868 3.205 3.134 1.11 0.38 1.75 -5±6 
42,28 2+ 1.953 3.318  1.28 0.35 17.68  

 

Q
(e

 fm
2 )
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Fig. 2: Experimental [18] and theoretical quadrupole moments versus neutron number for 
Si isotopes. 
 
3. 15P isotopes 
     Experimental Quadrupole moment 
is available only for mass number A = 
28, which is equal to 13.7±1.4 e fm2 
[18]. The calculated value is 12.8 e 
fm2, using HO, which is in an excellent 

agreement with the experimental data 
(Table 3). The calculated and 
measured Q-moments are shown in 
Fig. 3 as a function of neutron number 
N.  

 
 

Table 3: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO) 
potential for Phosphorus (P) isotopes (Z = 15). Effective proton and neutron charges are 
deduced from the core polarization calculation.  Experimental quadrupole moments are 
taken from Ref. [18]. 
A, N 
15P 

  rms theo. rms exp.   . 
 

. 

28, 
13 

3  1.851 3.199 3.189 1.19 0.5 12.8 13.7±1.4 
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Fig. 3: Experimental [18] and theoretical quadrupole moments versus neutron number for 
P isotopes. 
 
4. 16S isotopes   
     The quadrupole moments are 
calculated for S isotopes with mass 
number A = 32, 33, 34, 35, 43, 44 and 
with neutron number N = 16, 17, 18, 
19, 27, 28.  Calculations are performed 
with sd-shell model space for N ≤ 20. 
The calculated effective charges for      
Ti = 0 (32S) are 1.32e and 0.32e for the 
proton and neutron respectively. The 
experimental data are very well 
reproduced for all isotopes, except for 
32S (Ti = 0), where the calculated Q 
moment underestimates the measured 
value by about a factor of 1.5. The 
results of the Q moments are displayed 
in Table 4 in comparison with the 
experimental values, and plotted in 
Fig. 4 as a function of neutron number 
N. For A = 43, the neutron number N = 
27. So, calculations are performed with 
sdpf model space with the interaction 
while the remaining seven neutrons are 
distributed   over pf-shell   orbits.  The  

 
calculated Q = 23.31 e fm2 which 
agrees very well with the measured 
one, 23±3 e fm2. For the neutron-rich 
44S isotope with N = 28, sdpf model 
space with the configuration π(sd)8, 12 
frozen neutrons occupy the sd shell 
and ν(fp)8 gives the value -15.84 e fm2 
for the Q moment of the first excited 2+ 
state, which agree with the theoretical 
value -16 e fm2 of Ref. [1] using sdpf-u 
interaction [15] with effective charges 
1.35e and 0.35e, for the protons and 
neutrons, respectively. No 
experimental value is available for this 
isotope. The large value of Q moment 
for this even-even isotope indicates 
that 44S is a deformed nucleus. This is 
supported by the large B(E2) value and 
small 2  energy [1]. The calculated 
proton and neutron effective charges 
for cross-shell sd-pf nuclei are less 
than those of sd-shell nuclei.   
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Table 4: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO) 
potential for Sulfur (S) isotopes (Z = 16).  Effective proton and neutron charges are 
deduced from the core polarization calculation.  Experimental quadrupole moments are 
taken from Ref. [18]. 

A, N 
16S 

  rms theo. rms exp.   . 
 

. 

32, 16 2  1.884 3.277 3.261 1.32 0.32 -10.55 -16±2 
33, 17 3/2  1.891 3.290  1.2 0.48 -6.31 -6.78±1.3 
34, 18 2  1.899 3.305 3.285 1.2 0.48 4.0 +4±3 
35, 19 3/2  1.906 3.316  1.17 0.49 4.92 +4.7±1.3 
43, 27 7/2- 1.959 3.382  1.34 0.29 23.31 23±3 
44, 28 2  1.966 3.391  1.25 0.38 -15.84  

 
 

 
Fig. 4: Experimental [18] and theoretical quadrupole moments versus neutron number for 
S isotopes. 
 
5. 17Cl isotopes 
     The quadrupole moments are 
calculated for Cl isotopes with mass 
number A = 35, 36, 37 and with 
neutron number N =18, 19, 20. The 
results of the Q moments are displayed 
in Table 5 in comparison with the 

experimental values. The calculated 
and measured Q moments are shown in 
Fig. 5 as a function of neutron number 
N. The data are very well reproduced 
and confirm the oblate character of 
these isotopes.  
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Table 5: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO) 
potential for Chlorine (Cl) isotopes (Z = 17). Effective proton and neutron charges are 
deduced from the core polarization calculation. Experimental quadrupole moments are 
taken from Ref. [18]. 

A, N 
17Cl 

  rms theo. rms exp.   . 
 

. 

35, 18 3/2  1.906 3.335 3.365 1.19 0.48 -8.15 -8.5±1.1 
36,19 2  1.913 3.347  1.22 0.37 -1.27 -1.8±0.4 
37, 20 3/2  1.920 3.358 3.384 1.2 0.48 -6.85 -6.44±0.7 

 

 
Fig. 5: Experimental [18] and theoretical quadrupole moments versus neutron number for 
Cl isotopes. 
 
6. 18Ar isotopes 
     The quadrupole moments are 
calculated for Ar isotopes with mass 
number A = 35, 36, 37 and neutron 
number N = 17, 18, 19 using sd-shell 
model. The calculated values agree 
very well with the measured values 
and confirm the oblate character of 
35Ar isotope. For A = 39, 40, 41, 43, 
44, 46 and with neutron number, 21, 
22 23, 25, 26, 28, the cross sdpf- shell 
model is used with N-8 active protons 
are distributed over sd-shell orbits. The 
N-20 neutrons are distributed over the 
pf-shell orbits with 12 frozen neutrons 
in sd-shell orbits. The results of the Q 

moments are displayed in Table 6 in 
comparison with the experimental 
values. The calculated values for 39Ar 
and 41Ar isotopes agree very well with 
the measured values and confirm the 
oblate character of these isotopes. The 
configuration used for the neutron rich 
nuclei (N > 20) gives the value -2.64 e 
fm2 for the Q moment of the first 
excited 2+ state of 44Ar, in comparison 
with the experimental value -8 e fm2. 
This value indicates a small oblate 
deformation. This value agrees with 
other theoretical models of Ref. [1], 
where they used ep = 1.5e and en = 
0.5e. For 46Ar, N = 28 (magic number), 
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our calculation shows that the values 
for the Q moment are 16.75 e fm2 
which show a large prolate 
deformation than the small oblate 
deformation of 44Ar. The results of the 

Q moments are displayed in Table 6 in 
comparison with the experimental 
values and plotted in Fig. 6 as a 
function of neutron number N.   
 

 
Table 6: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO) 
for Argon (Ar) isotopes (Z = 18). Effective proton and neutron charges are deduced from 
the core polarization calculation.  Experimental quadrupole moments are taken from Ref. 
[18]. 

A,  
18Ar 

  rms theo. rms exp.   . . 

35, 17 3/2  1.906 3.350 3.364 1.19 0.48 -8.42 -8.4±1.5 
36, 18 2+ 1.913 3.364 3.391 1.32 0.32 12.44 +11±6 
37, 19 3/2  1.921 3.377 3.391 1.21 0.46 7.50 +7.6±0.9 
39, 21 7/2- 1.934 3.395 3.409 1.31 0.25 -11.79 -12±3 
40, 22 2+ 1.941 3.404 3.427 1.05 0.53 6.85 +1±0.4 
41, 23 7/2- 1.947 3.412 3.425 1.26 0.33 -3.64 -4.2±0.4 
43, 25 5/2- 1.960 3.428 3.441 1.18 0.35 8.8 +14.2±1.4 
44, 26 2+ 1.966 3.436 3.445 1.13 0.34 -2.64 -8a 
46, 28 2+ 1.978 3.451 3.438 1.39 0.26 16.75  

a Ref. [1]. 
 

 
Fig. 6: Experimental [18] and theoretical quadrupole moments versus neutron number for 
Ar isotopes. 
 
7. 19K isotopes 
     The quadrupole moments are 
calculated for K isotopes with mass 
number A = 37, 39 and neutron number 
N = 18, 19 using sd-shell model. For A 
= 40, 41 and neutron number 21, 22, 

the cross sdpf- shell model is used with 
N-8 active protons are distributed over 
sd-shell orbits. The N-20 neutrons are 
distributed over the pf-shell orbits with 
12 frozen neutrons in sd-shell orbits. 
The results of the Q moments are 
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displayed in Table 7 in comparison 
with the experimental values. The 
calculated values for 39K, 40K agrees 
very well with the measured values 

and within the experimental error for 
37K. The calculated and measured Q 
moments are shown in Fig. 7 as a 
function of neutron number N.   

 
Table 7: Quadrupole moments in units of 	  calculated with harmonic oscillator (HO) 
potential for Potassium (K) isotopes (Z = 19). Effective proton and neutron charges are 
deduced from the core polarization calculation.  Experimental quadrupole moments are 
taken from Ref. [18]. 
A, N 
19K 

  rms theo. rms exp.   . . 

37, 18 3/2  1.921 3.394  1.21 0.46 6.90 10.6±4 
39, 20 3/2  1.934 3.415 3.345 1.20 0.48 6.28 6±2 
40, 21 4- 1.941 3.427 3.438 1.18 0.30 -6.35 -7.5±2 
41, 22 3/2  1.947 3.432 3.452 1.36 0.23 6.85 7.11±0.7 
 

 
Fig. 7: Experimental [18] and theoretical quadrupole moments versus neutron number for 
K isotopes. 
 
     Comparison of measured and 
calculated quadrupole moments is 
shown in Fig. 8 for all isotopes 
considered in this work. The line 
represents Qtheo= Qexp.  From all the 
figures presented above one can see 

that good agreement is obtained with 
the measured data for most of the 
isotopes while it deteriorates for some 
other where they need further 
investigation. 
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Fig. 8: Comparison of measured and calculated quadrupole moments. The line represents 
Qtheo=Qexp. 
 
Conclusions 
     Shell-model calculations are 
performed for sd and cross sd-pf shell 
isotopes with Z ≥ 13, including core-
polarization effects through first order 
perturbation theory, where 1p-1h with 
2   excitation are taken into 
considerations. Effective charges for 
all Ti ≠ 0 sd-shell isotopes are nearly 
equal each other. For Ti = 0 isotopes, 
the polarization charges are in the 
range 0.31e to 0.35e.  The calculated 
proton and neutron effective charges 
for cross-shell sd-pf nuclei are less 
than those of sd-shell nuclei. Average 
isovector effective charges for sd-shell 
nuclei are 1.19e, 0.47e, for the proton 
and neutron, respectively. Average 
isoscalar polarization charge is 0.33e. 
For cross-shell sd-pf nuclei, the 
average isovector effective charges are 
found to be equal to 1.24e and 0.34e, 
for the proton and neutron, 
respectively. Good agreement is 
obtained with the measured data for 
most of the isotopes considered in this 
work while it deteriorates for some of 
them and need further investigation.  
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