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Abstract Article Info. 

This study investigates the ground-state nuclear structure of neutron-deficient 

mercury (Hg) isotopes in the mass number range A=180-192 within the self-consistent 

Skyrme-Hartree-Fock (SHF) framework using different parametrizations. The even-

even and odd-even A members of the isotopic chain were examined in terms of 

nuclear deformations, charge radii, binding energies, separation energies, and nuclear 

density distributions. The calculated charge radii agreed with the experimental 

systematics, with residual deviations below 0.082 fm, confirming the quantitative 

reliability of the SHF in describing nuclear spatial observables. Furthermore, the 

nuclear charge-density distributions calculated using the Skyrme Skxcsba 

parameterization showed good agreement with the available experimental data, 

exhibiting central densities of approximately ρᴄh ≈ 0.06–0.07 fm⁻³ and a systematic 

outward shift with increasing mass number. The nuclear matter-density profiles 

confirm central saturation near ρ₀ ≈ 0.16 fm⁻³, together with a gradual broadening of 

the surface diffuseness region toward the heavier isotopes, consistent with the 

increasing nuclear size. The axial quadrupole potential energy surfaces (PESs) were 

mapped as a function of the deformation parameter β₂ for all the investigated isotopes. 

The resulting surfaces revealed a transition from weakly oblate to prolate 

configurations near the neutron mid-shell region. 
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1. Introduction  

The nuclear structure of neutron-deficient Hg isotopes is characterized by a complex 

interplay of competing collective modes, leading to the well-known phenomenon of shape 

coexistence in the region near the N = 104 neutron mid-shell. This behavior results from 

competition between the stabilizing effect of shell closures and the collective correlations that 

favor prolate and near-spherical configurations. 

The structure evolution of Hg isotopes is essentially governed by the interplay between the 

spherical shell effects associated with their proximity to the Z = 82 proton shell closure and the 

quadrupole collectivity induced by the gradual filling of mid-shell neutron orbitals when 

approaching the neutron number N = 104. The mercury isotopic chain is a well-known example 

of nuclear shape coexistence, owing to the presence of energetically competitive prolate, oblate, 

and near-spherical states [1]. 
The self-consistent Hartree-Fock (HF) framework, when coupled with the Skyrme energy 

density functional, stands among the most extensively employed theoretical tools for probing the 

structural evolutions of Hg isotopes. Ground-state properties within this scheme emerge from 

minimizing the total HF energy with respect to the nuclear density distribution, with deformation 

and pairing correlations incorporated self-consistently throughout. The Skyrme functional was 

extensively tested against experimental data. It can reproduce features that are fundamental for 

finite nuclei and nuclear matter, like binding energies, charge radii and deformation properties. 

This makes it a reliable tool for studying isotopic trends for a large variety of nuclei [2]. 
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Advances in nuclear energy density functionals have extended the theoretical facility 

beyond axial-symmetry, enabling systematic investigation of structural properties along isotopic 

chains that incorporate non-axial deformation [3]. Higher-order extensions of the Skyrme 

functional further accommodate non-axial and reflection -asymmetric configurations not captured 

at leading order-refinements particularly relevant to shape coexistence phenomena in Hg-isotopes, 

where pairing correlations compete with shell effects in determining configurational stability. For 

highly parameterized interactions like SLy4, the surface energy coefficient is found to be an 

important factor controlling the deformability of nuclear matter. Better values of these parameters 

increase the capability of the framework to describe the energy scales of symmetry breaking 

processes, like transitions between different axial and non-axial configurations. This mutual 

dependence is important for the mapping of potential energy surfaces, as it assists to make sure 

that the functional captures the competition among intrinsic configurations in the mercury isotopic 

chain without overestimating the resistance to deformation [4–6].  

This interdependence plays a decisive role in the reliable mapping of potential energy 

surfaces (PES), as it ensures that the functional reproduces the competition between various 

intrinsic configurations in the mercury isotopic chain. In particular, this is applicable in regions 

where the effects of symmetry-breaking contribute strongly to the ground-state structure. This 

methodological framework offers a pathway toward more dependable extraction of physical 

observables, including fission barrier heights, given their pronounced sensitivity to the interplay 

between shell structure and nuclear deformability [6,7]. Beyond this, the marked dependence of 

these properties on pairing strength underscores its regulatory role in shaping the collective mass 

parameter, thereby governing the system’s effective inertia throughout shape reorganization. Such 

correlations further modulate the density of states near the Fermi surface, directly affecting the 

breadth of the transition zone within which the oblate and prolate configurations remain 

energetically competitive. Hence, the energy spectra are found to be very sensitive to the pairing 

strength as a function of deformation, especially in the vicinity of the crossing points of competing 

orbitals [8]. 

The present work carries out a systematic and Skyrme-Hrtree-Fock (SHF) investigation of 

the neutron-deficient Hg isotopic chain, spanning the range A = 180–192, employing the SLy4 and 

SKxcsba parameterizations. The inspection of ground-state deformation parameters and mapping 

of the axial potential energy surfaces (PES) for both even-even and odd-even A of the chain 

identify the conditions under which shape coexistence manifests. In addition, the one-neutron and 

two-neutron separation energies, Sn and S2n, have been evaluated across the full isotopic chain to 

assess the reproducibility of the odd-even staggering, as well as the evidence of structural 

transitions or subshell effects. By correlating these complementary structural observables within a 

unified microscopic framework, the present work seeks to introduce a predictive description of the 

nuclear structure evolution in neutron-deficient Hg-isotopes, while quantitatively assessing the 

descriptive and predictive capability of the SHF approach in this transitional mass region. The 

main objective is to analyze the results for deformation properties, nuclear radii, binding energies, 

and separation energies, respectively. 

2. Theoretical formalism 
2.1. Shell Model Calculations 

In the neutron-proton formalism adopted by the NUSHELLX code, the Hamiltonian can 

be expressed as a sum of three distinct terms [9]: 

𝐻 = 𝐻𝑛𝑛 + 𝐻𝑝𝑝 + 𝐻𝑝𝑛                                                                                                                                (𝟏)                                                               
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The corresponding second-quantized representation for Hpn is given as: 

Hpn = ∑ {[ap
+an

+]
J∘

⊗ [ãp′ãn′]
J∘

}pnp′n′,J∘

(0)

                                                                                             (𝟐)                                     

which can recouple the operators to [9]: 
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where {
. . .
. . .} represents 6j- symbol, p represents a single-particle wave function (𝑛𝑝, ℓ𝑝, 𝑗𝑝). 

Furthermore, Hpn  can be written in the particle-hole form as: 

 

Hpn = ∑ Fλ(pp′nn′) {[ap
+ãp′]

λ
⊗ [an

+ãn′]
λ
}

(0)

                                                                           (𝟒)pp′nn′λ   

where 

Fλ(pp′nn′) = − ∑ √(2λ + 1)(2J + 1)J∘
(−1)n+p′−λ−J {

p n J

n′ p′ λ
}                                                  (𝟓)              

The many-particle reduced matrix elements of the electric multipole  transition operator
 
𝑇̂𝜆 

for an n-particle model space wave function of multipolarity λ can be expressed as the sum of the 

product of one-body density matrix (OBDM) elements times the reduced single-particle matrix 

elements, which is given as [9]: 
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where Ki and Kf denote the single-particle states associated with the initial and final model space 

configurations (nwi Ji) and (nwf Jf), respectively. The various basis states with the same J value 

can be recognized by the 𝜔 indices. The OBDM in the proton-neutron formalism is shown as [9]: 

OBDM(f, i, kα, tz, kβ, tz, λ) =
⟨nωfJf‖[akα,tz

+ ⊗ãkβ,tz]
λ
‖nωiJi⟩

√2λ+1
                                                                       (𝟕)

             

with the isospin projection defined as tz =1/2 for neutron and tz = -1/2 for proton. 

(3) 

(6) 
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The one- and two-neutron separation energies, Sn(Z,N) and S2n(Z,N), respectively, are 

defined as [10,11]: 

Sn (Z, N) = Eb (Z, N) - Eb (Z, N - 1)                                                                                                (8) 

 

S2n (Z, N) = Eb (Z, N) - Eb (Z, N-2)                                                                                               (9) 

 

 2.2. Quadrupole Deformation  

Nuclei with magic numbers of protons or neutrons with a "closed shell" have a spherical 

shape. Nuclei with protons or neutrons away from a magic number are generally deformed. The 

simplest deformation is the quadrupole deformation in which the nuclei may take an oblate shape 

(cushion) or prolate shape (rugby ball). The deformation parameter is associated with the intrinsic 

quadrupole moment 𝑄̂ as, ⟨𝑄̂⟩given by the following relation [12,13]: 

 

⟨Q̂⟩ = √
16π

5
R2Y20(r⃗) = 2z2 − r2                                                                                                            (10)                                   

                                             
 

 

where z and r are the position coordinates of kth nucleon, and r is given 

in Cartesian coordinates as r2=x2+y2+z2. β2 is denoted as the deformation parameter that defines 

the amount of deformation present in the nucleus [12,13]:  

β2 =
√5π

3

⟨Q̂⟩

A⟨R2⟩
                                                                                                                                             (𝟏𝟏)                                                         

 

where A is the number of nucleons and R is the nuclear radius. 

 

3. Results and Discussion 
The OBDM elements employed in the present study were calculated using the SM code 

NUSHELLX@MSU [9]. This package comprises a set of wrapper codes that deploy data files for 

the SM and Hamiltonian inputs to generate the necessary inputs for NUSHELLX. It is a computer 

codes which utilize to obtain accurate energies and low-lying state spectroscopic overlap in the 

matrix calculations of the SM Hamiltonian. Also, it utilizes the basis of the J-coupling proton-

neutron and the matrix of the J-scheme. 

 

3.1. Radii of Nuclei 

Fig. 1a presents the calculated nuclear charge density distributions ρch (r) for the Hg-isotopic 

sequence spanning ¹⁸⁰Hg through ¹⁹²Hg, plotted as a function of the radial distance r(fm). The 

vertical axis represents the charge density in units of fm⁻³, ranging from 0 to approximately 

0.07 fm⁻³, while the horizontal axis extends from r = 0 to r ≈ 112 fm with an 8 fm offset. All 

isotopes exhibit the canonical nuclear charge density profile characteristic of heavy nuclei, a well-

defined central saturation plateau near r ≈ 0, succeeded by a smooth surface diffuseness region and 

a rapid exponential falloff at the nuclear periphery. 

The central densities are stable throughout the chain at ρᴄh(0) ≈ 0.05–0.07 fm⁻³, which is in 

line with the saturation of nuclear matter. With the increment of the mass number, a systematic 

outward displacement of the surface diffusiveness region can be observed, and this indicates the 

progressive increase in the nuclear charge radius as additional neutrons populate the valence shell. 

Interestingly, the occurrence of small, yet physically significant, differences in the tail region of 
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the density profiles of the light isotopes (180-184Hg) is in line with the beginning of increased 

quadrupole deformation corresponding with the well-known shape coexistence phenomenon in 

this sub-lead transitional region. The heavier isotopes (190-192Hg) have slightly broader surface 

diffuseness profiles, as they have larger nuclear charge radii and are slowly transitioning towards 

more spherical ground-state configurations near the N=112 neutron subshell closure [14,15]. 

Fig. 1b shows the calculated radial nucleon density distributions, ρ(r), for isotopic chain 180-

192Hg, based on self-consistent Skyrme Hartree-Fock calculations using the Skxcsba 

parametrization. The figure is presented as a concatenated plot to enable a systematic comparison 

of the density profiles over a wide range of neutron numbers, between the neutron-deficient 180Hg 

(N=100) and the neutron-rich 192Hg (N=112). The isotopes all have a central density of about ρ0 ≈ 

0.16±0.01 fm, which corresponds to the empirical nuclear saturation density.  

The fact that this depletion continues up to 186Hg suggests that the Z=80 shell gap is strong 

even far from stability, and that the S1/2 state is weakly admixed with other orbitals even when 

deformation has begun. This observation provides a complementary test of the shell evolution in 

the lead region. The nuclear matter density distributions calculated for 180-192Hg isotopic chain 

within Skyrme Skxcsba self-consistent Hartree-Fock frameworks showing salient feature expected 

of the neutron-deficient heavy nuclei, a strong central saturation density near the empirical value 

of ρ₀ ≈ 0.16 fm⁻³, a gradual increase in nuclear size with mass number A as evidenced by the 

outward displacement of the half-density radius and a gradual broadening of the surface 

diffuseness regime in the heavier members of the chain.  

Fig. 1c displays the proton density distribution as a function of the radial distance r(fm), 

covering the 180Hg to 192Hg isotopic chain. The primary feature along the Hg isotopic chain is the 

central depression for r < 6 fm. Saturation was observed approximately for r ≈ 0.065-0.070 fm. 

The proton distributions exhibit a minor change in the central region, which is consistent with the 

fact that the proton number (Z=80) is constant. However, small alterations in the surface region 

are due to core polarization effects caused by the addition of valence neutrons. 

Fig. 1d displays the neutron density distribution of Hg isotopes as a function of radial 

distance r(fm). In contrast to the proton distribution, neutron densities exhibit a clear regular 

progression as mass increases. The central density values range from around 0.080 to 0.09 fm. The 

nuclear radius clearly expands when more neutrons are introduced into the system. The density 

profiles move toward greater radial distances, indicating the gradual formation of a neutron skin.  

These results validate the predictive reliability of the adopted functional for nuclear 

structure observables in the Z = 80 sub-lead region and provide a self-consistent microscopic basis 

for interpreting the isotopic evolution of nuclear radii and neutron skin thicknesses. The sensitivity 

of the surface density profiles to deformation and pairing effects underscores the necessity of 

extending the present analysis toward beyond-mean-field frameworks to achieve a fully 

quantitative treatment of shape coexistence and configuration mixing in this isotopic region [16-

18]. 
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Figure 1: Theoretical nuclear density distributions for Hg isotopes obtained via Skxcsba 

parameterization. Panel (a) displays the charge density distributions, panel (b) illustrates the mass 

density distributions, panel (c) displays the Proton density, and panel (d) displays the Neutron density. 

All in units of fm⁻3. Starting from 180Hg, isotopic curves are sequentially offset along the x- axis by 8 

fm to avoid overlap. 

  

 Table 1 presents the rms charge radii and neutron skin for the 180-192Hg isotopic chain. The 

results reveal that the SHF calculation deploying the Skxcsba parameterization underestimates the 

experimental charge radii by approximately 0.02−0.082 fm (corresponding to a relative deviation 

of 0.43-14.52%), yet successfully reproduces the experimental data. The results reveal that the 
182Hg to 186Hg isotopes give an indication of shape coexistence and a clear nuclear deformation in 

this region. The SHF model, while delivering a smooth linearity, lacks the shell-correction 

sensitivity essential to fully capture the shape-staggering effect. In addition, the neutron skin 

Δrₙₚ gradually increased for the Hg isotopic chain from 0.009 to 0.045 fm, which reflects the 

(a) (b) 

(c) (d) 
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accumulation of excessive neutron along the nuclear surface as neutron number progressively 

increased. 

 
Table 1: The calculated rms charge radius in fm for Hg isotopes, obtained using SHF with Skxcsba 

parameterization, compared with the experimental data taken from Angeli and Marinova [19]. 

Isotope Exp. Charge 

radii(fm) 

Theo. Charge 

radii (fm) 

Exp. Neutron 

skin Δrₙₚ (fm) 

Theo. Neutron 

skin Δrₙₚ (fm) 
181 Hg 5.4364 5.354 0.0032 0.009 
182 Hg 5.3833 5.358 0.0052 0.004 
183 Hg 5.4405 5.363 0.0031 0.002 
184 Hg 5.3949 5.367 0.0047 0.007 
185 Hg 5.4397 5.371 0.0031 0.012 
186 Hg 5.4017 5.376 0.0043 0.017 
187 Hg 5.4046 5.38 0.0042 0.022 
188 Hg 5.4085 5.385 0.004 0.027 
189 Hg 5.410 5.389 0.004 0.031 
190 Hg 5.4158 5.393 0.0037 0.036 
191 Hg 5.4171 5.398 0.0037 0.04 
192 Hg 5.4232 5.402 0.0035 0.045 

 

Fig. 2 shows the calculated root-mean-square rms proton radius (Rₚ, solid circles) and 

neutron radius (Rₙ, open squares) of the mercury Hg isotopic chain with respect to mass number 

A, in the range of A = 180-192.  Both quantities are obtained using the Skyrme-Hartree-Fock 

(SHF) framework that uses the Skxcsba effective interaction. The neutron rms regularly increases 

in the chain compared to the proton rms, and this is due to the successively increasing neutron 

excess N >> Z. The difference between Rₙ and Rₚ is a direct measure of the neutron skin thickness, 

Δrₙₚ = Rₙ − Rₚ, which is a fundamental measure important in nuclear structure. 

 

  
Figure (2) The nuclear proton and neutron rms radii for Hg- isotopes as a function of nucleon 

number A. 
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3.2. Binding Energy and Separation Energies 

Fig. 3 shows two complementary plots of nuclear binding energy of the Hg isotopic chain 

spanning A = 180–192. The total binding energy B.E (MeV) is shown in the left panel as a function 

of mass number A, ranging between 1400 to 1520MeV. On the right panel, the binding energy per 

nucleon B.E/A (MeV/nucleon) in the same isotopic range, 7.78-7.94 MeV/nucleon. Theoretical 

predictions using the SHF framework are compared to available experimental data in both panels 

that are available in evaluated nuclear mass compilations. In the left panel, there is a monotonically 

increasing and almost linear dependence of the total binding energy on mass number A. 

The almost perfect linearity of the B.E curve proves that in this range of isotopes the 

incremental binding per added neutron is more or less a constant, showing stable bulk nuclear 

matter properties with no sudden shell or deformation-induced discontinuities [21]. The B.E/A 

curve in the right panel has a slightly rising tendency from ≈ 7.80 MeV/nucleon at A = 180 to 

≈ 7.91 MeV/nucleon at A = 192, interspersed with a prominent staggering between the odd and 

even levels, over the general ascending slope. This staggering is representative of the role played 

by the nuclear pairing correlations for even-A isotopes, which have the full benefit of the 

condensation energy of pairing and always have higher B.E/A values compared to their odd-A 

neighbors, which supports the persistence of strong neutron pairing across the Z = 80 isotopic 

chain. 
 

 
Figure 3: Binding Energy for Hg isotopes as a function of mass number (a)total binding energy (B.E, 

in MeV) (b) binding energy per nucleon (B.E/A; MeV) plotted as a function of mass number A [20]. 

 

Fig. 4 shows the one-neutron separation energies (Sₙ, panel a) and two-neutron separation 

energies (S₂ₙ, panel b) of the neutron-deficient mercury Hg isotopic chain as a function of mass 

number A, spanning the range A = 180-192. Both panels show two parallel datasets: theoretical 

values obtained using the Skyrme Hartree-Fock (SHF) framework with the Skxcsba effective 

interaction (SHF, represented by red squares linked by solid lines) and experimentally obtained 

values (Exp., black circles) obtained by the various existing nuclear data compilations. The 

ordinate in panel (a) spans Sₙ ≈ 7.5–11.5 MeV, whereas panel (b) covers S₂ₙ ≈ 16.4–19.6 MeV, 

both expressed in units of MeV. 

The odd-A isotopes systematically yield lower Sₙ values than their even-A counterparts, as 

expected of the energy profile of an unpaired valence neutron in the nuclear mean field. The 

(a) (b) 



Iraqi Journal of Physics, 2026                                                                                                  Vol.24, No.3, PP.88- 010  

 

96 
 

oscillatory amplitude is high, at approximately 1.520 MeV, which is a strong indication of pairing 

gaps in the Z = 80 region. In panel (b), by contrast, exhibit a smooth and monotonic decreasing 

pattern of the two-neutron separation energies with increasing A, interrupted by an evident 

inflection near A=186-188. This structural kink is physically important in that it signals a 

transitional change in the underlying nuclear mean field that most likely is connected with the 

development of increased quadrupole collectivity or restructuring of the single-particle level 

density of the neutron-deficient sub-lead region [22]. Throughout the isotopic sequence, the one-

neutron separation energy profile in Fig. 4a exhibits a pronounced odd-even staggering pattern, 

constituting a hallmark signature of nuclear pairing correlations. As with previous observations, 

odd-A isotopes are systematically lower in Sₙ than their even-A counterparts, consistent with the 

energetic penalty of having an unpaired neutron in the nuclear mean field in the valence shell. The 

oscillatory amplitude is large, with inter-isotope differences of about 1.520 MeV, which clearly 

indicate the strength of pairing gaps in Z=80.  

In Fig. 4b, both the two-neutron separation energies exhibit a monotonically decreasing, 

smooth trend with increasing A, with an inflection that can be observed clearly around A = 186-

188. Such a structural kink carries a physical implication, namely indicating a transitional change 

of the underlying nuclear mean field most likely to be identified with the development of increased 

collectivity of the quadrupole or a redistribution of the single-particle level density of the neutron-

deficient sub-lead region. The systematic decrease in neutron binding due to the evolution in 

nuclear configuration across the isotopic chain is reflected in the near-linear decrease of S₂ₙ to 

larger mass numbers. The general agreement between the SHF prediction and the experimental 

data across the range of investigation is extremely satisfactory. Fig. 4a shows that the theoretical 

curve accurately reproduces the phase, as well as the amplitude, of the odd-even staggering, 

showing that pairing correlations are quantitatively captured using the Skxcsba parameterization, 

in the Z = 80 region. The calculated values of S₂ₙ closely trace the experimental descent, with 

deviations at isolated mass numbers not more than ≈ 0.3 MeV. These remaining discrepancies can 

be explained by configuration-mixing effects and beyond-mean-field correlations that are not 

represented by the current framework.  

 

 
Figure 4: One-neutron (a) and two-neutron (b) separation energies as a function of nucleon number 

(A) for Hg isotopes. 

(a) (b) 
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3.3. Deformation Energy 

Fig.5a presents the PES of neutron-deficient even-A mercury isotopes spanning ¹⁸⁰Hg to 

¹⁹²Hg, calculated using the Hartree-Fock-Bogoliubov (HFB) methodology with the Skyrme 

interaction with the HFODD Code. The PES curves trace the total nuclear binding energy B.E 

(MeV) as a function of the quadrupole deformation parameter β₂, with negative values indicating 

oblate shapes and positive values indicating prolate geometries. The calculations of the lightest 

chain members ¹⁸⁰Hg, ¹⁸²Hg, ¹⁸⁴Hg, and ¹⁸⁶Hg all give an oblate ground-state minimum at near β₂ 

≈ −0.15 to −0.20. This is a deformation of about 15-20% away from sphericity, and the associated 

binding energy minima are the deepest across the whole chain, ¹⁸⁰Hg reaching around −1516 MeV 

and ¹⁸²Hg settling near −1509 MeV. The narrow width and well-defined depth of these oblate wells 

are indicative of structurally robust oblate deformation, which derives its stability from the specific 

shell structure produced by the large number of neutron holes below the N = 126 shell closure. 

One similarity of all four of these lighter isotopes is that they have a secondary prolate minimum 

at β₂ ≈ +0.25 to +0.30. The secondary well is separated from the oblate ground state by an energy 

barrier with a height of approximately 2.5 MeV in ¹⁸⁶Hg to about 4 MeV in ¹⁸⁰Hg. The resulting 

topology of a double minimum is the typical signal of nuclear shape coexistence, a phenomenon 

where two or more structurally distinct nuclear structures, each possibly having a qualitatively 

distinct deformation, coexist at comparable low excitation energies in the same nucleus and form 

distinct bands of collective states in measured spectra. 

The physically most significant change that is observed in the chain is the transition 

between ¹⁸⁶Hg and ¹⁸⁸Hg. In this case, the configurations of the oblate and prolate are exchanged 

effectively. The system switches from an oblate ground state to a predominantly prolate. The 

prolate side of the PES is very soft at ¹⁸⁶Hg, with the secondary prolate minimum less intense and 

distinct than in the lighter members. At 186Hg, the primary energy minimum becomes the prolate 

region (β₂ ≈ +0.20), and the previously dominant oblate minimum diminishes to a secondary 

feature near β₂ ≈ −0.15. The PES of the three heaviest, ¹⁸⁸Hg, ¹⁹⁰Hg, and ¹⁹²Hg, has a prolate primary 

minimum, in the range of β₂ ≈ +0.20 to +0.25, and an oblate side only a soft shoulder or a poorly 

defined secondary well. The prolate minimum deepens from ¹⁸⁸Hg to ¹⁹⁰Hg and then becomes 

broader and more diffuse at ¹⁹²Hg, a trend aligning with the predicted onset regarding neutron 

subshell closure near N = 126 as predicted by various mean-field models in this mass region. The 

progressive flattening of the prolate minimum in ¹⁹²Hg reflects the gradual depletion of neutron 

pairs occupying the prolate-driving d–g shell orbitals as this subshell closure is approached, which 

in turn reduces the quadrupole correlation energy responsible for sustaining prolate deformation. 

The PES of ¹⁹²Hg also has an exceptionally large-deformation tail extending to β₂ ≈ +1.2–1.4, 

followed by a steep rise in energy, suggesting a weakly bound superdeformed state in this isotope. 

The even-A isotope results establish that neutron-deficient mercury nuclei around the mid-

shell region N ≈ 104 host a richly structured energy landscape, and persistent prolate and oblate 

shape coexistence appears as a strong feature that is not dependent on the particular mean-field 

parameterization. Although the HFB ground state is mainly prolate-deformed in this range, the 

marked γ-softness of the oblate minimum suggests that an honest description of the low-lying 

collective structure requires an explicit description of non-axial degrees of freedom as well as 

beyond-mean-field correlations. The model-independent reproduction of PES topology as well as 

the energetic proximity of competing shapes highlights the coexistence of shapes in light Hg 

isotopes as a robust quantum mechanical phenomenon that is driven by the interplay between a Z 

= 82 shell closure and a neutron mid-shell collectivity [23,24]. 
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Fig. 5b presents the HFB-calculated PES for the odd-A neutron-deficient mercury isotopes 

¹⁸¹Hg, ¹⁸³Hg, ¹⁸⁵Hg, ¹⁸⁷Hg, ¹⁸⁹Hg, and ¹⁹¹Hg. The horizontal axis spans the deformation parameter 

β₂ from approximately −0.6 to +1.4, while the vertical axis displays total binding energy in MeV, 

ranging from about −1380 MeV for ¹⁹¹Hg (least bound) to roughly −1520 MeV for ¹⁸¹Hg (most 

bound). The covered neutron numbers span N = 101 (¹⁸¹Hg) through N = 111 (¹⁹¹Hg), all lying 

within the shell region bounded by N = 82 and N = 126. Each of the six isotopes has a multi-

minimum deformation structure with two distinctly identified competing configurations. There is 

a shallow oblate minimum near β₂ ≈ −0.15 to −0.20 in the series and a deeper prolate minimum at 

β₂ ≈ +0.20 to +0.35. In the lighter members of the series (¹⁸¹Hg through ¹⁸⁷Hg), this prolate 

minimum is the absolute minimum of energy, which is again in line with the dominance of prolate 

ground states near the mid-shell at N ≈ 104. As the neutron number increases from N = 101 toward 

N = 111, the prolate minimum progressively shallows while the oblate minimum becomes 

relatively more competitive. The most notable change in this structure is observed in the heavier 

odd-A isotopes ¹⁸⁹Hg and ¹⁹¹Hg, and indicates the weakening prolate driving force as neutron 

orbitals above N = 104 are occupied. A wide, flat energy profile of β₂ ≈ 0 suggests strong γ-softness 

around sphericity and is another common feature of all six curves. Instead of showing a sharp 

minimum at zero deformation, the nuclei in this region are perturbed by shape fluctuations which 

are of large amplitude and which interpolate between oblate and prolate geometry. The energy 

barriers between the competing minima are 0.5-1.5 MeV within the series - small enough to allow 

quantum tunneling and large shape mixing in the low-lying collective states. Some of the curves 

have a second shoulder or third minimum visible near β₂ ≈ +0.5 to +0.7, and this may indicate the 

start of superdeformed configurations at very prolate shapes, but these are at 4-6 MeV above the 

ground state [25]. The entire image in Fig. 5b gives much support to the fact that the persistence 

of prolate and oblate shape coexistence in the full odd-A mercury chain, ¹⁸¹Hg and ¹⁹¹Hg. The 

potential energy surface (PES) of these six isotopes is located in the neutron-deficient mid-shell 

region, where the coexistence of shapes is most pronounced due to the competition between the Z 

= 82 proton shell closure and the neutron collectivity between N = 82 and N = 126. The systematic 

isotopic effect - between a well-defined prolate ground state in ¹⁸¹Hg and a more balanced oblate-

prolate competition in ¹⁹¹Hg - follows a well-defined structural trajectory indicative of the 

progressive approach to the N = 126 shell closure [26, 27]. 

 
 

 

 

 

 

 

 

 

 

 

 

Figure 5: Hg Isotopes deformation energy curves as a function of the quadrupole deformation 

parameter β2: a) even-even Hg isotopes; b) odd-even Hg isotopes, calculated using HFB with the 

HFODD code. 

(a) (b) 
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4. Conclusions 
In summary, the systematic HFB analysis of the 180-192Hg isotopic chain successfully 

described the transition from weakly oblate structures to a prolate-dominated regime near the 

N=104 neutron mid-shell. The mapping of axial quadrupole potential energy surfaces revealed 

competing oblate and prolate minima, providing clear evidence of shape coexistence in this region. 

The barriers separating these configurations became progressively shallower as the neutron 

number approaches N = 104.  

This structural evolution reflects the progressive lowering of proton intruder orbitals from 

the upper oscillator shell as the neutron mid-shell is approached, thereby weakening the spherical 

restoring effects associated with the proximity of the Z = 82 proton shell closure. Furthermore, the 

one-neutron separation energies Sn display pronounced odd–even staggering with an amplitude of 

approximately 1.5–2.0 MeV, reflecting the influence of neutron-pairing correlations. In contrast, 

the two-neutron separation energies S2n decreased smoothly from approximately 19.4 MeV at 

19.4 MeV at A = 180 to 16.6 MeV. A structural kink near A=186-188 indicated a transition from 

strongly oblate-deformed configurations to less-deformed ground-state configurations within the 

mean-field description.   
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باستخدام طريقة   192- 180لتركيب النووي وخصائص التشوه لنظائر الزئبق الغنية بالنيوترونات ا

 فوك -هارتري-مايرسك
 

 لمى جمال عباس1
  عراقلا ، جامعة الكرخ للعلوم، بغداد  والبيئة، كلية علوم الطاقة   ، المتجددةقسم الطاقة 1

  

 الخلاصة 
  A=180-192( التي تعاني من نقص النيوترونات في نطاق العدد الكتلي Hgتجُري هذه الدراسة بحثاً حول البنية النووية للحالة الأرضية لنظائر الزئبق )

-الزوجي  Aوتمّ فحص أعضاء السلسلة النظائرية ذات العدد الكتلي    ( باستخدام معلمات مختلفة.SHFفوك المتسق ذاتيًا )-هارتري-ضمن إطار عمل سكايرم

الزوجي من حيث التشوهات النووية، ونصف قطر الشحنة، وطاقات الربط، وطاقات الفصل، وتوزيعات الكثافة النووية. وقد توافقت -لزوجي والفرديا

في وصف   SHFفيمتومتر، مما يؤكد الموثوقية الكمية لنموذج  0.082ار الشحنة المحسوبة مع المنهجية التجريبية، بانحرافات متبقية أقل من أنصاف أقط

مع البيانات  توافقاً جيداً    Skxcsbaالمتغيرات المكانية النووية. علاوة على ذلك، أظهرت توزيعات كثافة الشحنة النووية المحسوبة باستخدام نموذج سكيرم 

، مع انزياح خارجي منتظم مع ازدياد العدد الكتلي. وتؤكد ملامح كثافة  fm⁻³–≈ 0.06 ᴄhρ 0.07التجريبية المتاحة، حيث بلغت الكثافة المركزية حوالي  

الأثقل، بما يتوافق مع ازدياد حجم  ، إلى جانب اتساع تدريجي لمنطقة انتشار السطح باتجاه النظائر  fm⁻³≈ 0.16  ₀ρالمادة النووية التشبع المركزي قرب  

لجميع النظائر المدروسة. وكشفت الأسطح الناتجة عن   β₂( كدالة لمعامل التشوه  PESsالنواة. وتم رسم خرائط أسطح طاقة الوضع الرباعية المحورية )

 رونات. انتقال من التكوينات المفلطحة بشكل طفيف إلى التكوينات المطاولة قرب منطقة منتصف غلاف النيوت
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