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Abstract

The nuclear structure of some one-proton exotic nuclei (°C, Al and ?’P) was
investigated using the Unitary Correlation Operator Method (UCOM). The nuclei
were divided into two regions: the core and the valence nucleons. A transformation
from the one-body to the two-body framework was applied, incorporating the
correlation operator (C), which accounts for both tensor correlations (Cg) and short-
range central correlations (C;). The density distributions for each region were then
computed separately, and the total density was determined. From this, the
expectation value of the density was calculated, leading to the determination of the
mean square radius (r?)1\2, The Plane Wave Born Approximation (PWBA) was
used to study these nuclei for elastic electron scattering. Based on the computed
results, it was found that this model provides an accurate and reliable description of
the nuclear structure of the studied halo nuclei. A comparison between the calculated

Article Info.

Keywords:

Exotic Nuclei, Density
Distribution, Unitary
Correlation Operator
Method (UCOM), Root
Mean Square Radius
(RMS), Plane Wave Born
Approximation (PWBA).

Avrticle history:
Received: Jul. 26, 2025

Revised: Oct. 21, 2025
Accepted: Nov. 14, 2025
Published: Sep.01, 2026

values of the mean square radius and experimental data demonstrated strong
agreement, confirming the validity of the approach for describing the structure of
halo nuclei.

1. Introduction

Halo nuclei are recognized as a distinct class of atomic nuclei found in proximity to the
nuclear drip line. These nuclei are characterized by the presence of one or two nucleons (most
often neutrons, and occasionally protons) that are very weakly bound to a dense central core.
The wave function of the loosely coupled nucleons is significantly extended spatially as a result
of this weak binding, creating a widely diffused "halo" of nuclear matter that extends
considerably beyond the traditional boundaries of the nucleus. This phenomenon is a direct
consequence of the low binding energy, which allows these nucleons to traverse much larger
distances within the nuclear potential, thereby forming a nuclear structure with an effective
radius significantly larger than expected based on their total nucleon count [1, 2].

The investigation of exotic nuclei, particularly those with a significant proton excess,
has attracted considerable interest because of their distinctive structural characteristics, such as
the formation of proton halos. These properties pose a significant challenge to conventional
nuclear models, thus necessitating the adoption of advanced theoretical methodologies to
ensure an accurate representation of nuclear structure. The Unitary Correlation Operator
Method (UCOM) stands out as one such approach, distinguished by its efficacy in representing
short-range and tensor interactions within the nucleus [3, 4].

Recent theoretical investigations have examined the nuclear structure of proton-rich
halo nuclei, which are characterized by an expansion of their peripheral nuclear density.
Hammoudi et al. found a proton halo in the ’Ne and 2’P nuclei, which were obtained using
elastic electron scattering data and a two-frequency shell model. The usual long-tail behavior
in proton density distinguishes this halo structure [5]. Hansen et al. studied the halo structure
of (17Ne and 27P) using the two-frequency shell model. They calculated the nuclear density
distributions, rms radii, and elastic electron-scattering form factors using PWBA. Their results
confirmed the proton-halo structure of both nuclei [6]. Hussein and Flaiyh studied the proton-
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rich nuclei 23Al and 27P using two-body charge density distributions (2BCDDs) within the
two-frequency shell model. They investigated the nuclear density distributions, rms radii, and
elastic electron-scattering form factors using PWBA. Their results confirmed the proton-halo
structure of both nuclei, with good agreement between the calculated and experimental results
[7]. Related work by Issa and Flaiyh studied the charge density distributions of 20Ne and 24Mg
using the folding model and two-body density distributions. They calculated the elastic and
inelastic electron-scattering form factors and rms charge radii. Their results showed good
agreement between the calculated inelastic form factors and the experimental data, highlighting
the importance of core polarization effects [8]. Additionally, Neff and Feldmeier introduced
the Unitary Correlation Operator Method (UCOM) to incorporate short-range two-body
correlations arising from the strong repulsive core and tensor part of the nucleon—nucleon
interaction into shell-model states. They showed that UCOM can be applied within mean-field
and shell-model spaces to account for these correlations [9]. Abbas and Flaiyh conducted a
study on the stable nuclei *°F and 2’Al using the UCOM. The research focused on short-range
nuclear correlations and their effects on electron scattering form factors, charge density
distributions, and rms radii. The experimental data correlated well with the results, proving that
this approach properly studies nuclear structure [10].

This work uses UCOM to study the nuclear structure of a few one-proton halo nuclei,
including the isotopes of (°C, 22Al, and ?’P), to separate core and valence nucleon contributions,
and to calculate matter density distributions; the one-body density operator must be turned into
a two-body framework. This study aims to determine the exotic nuclei matter density, elastic
electron scattering form factors, and rms radii. Additionally, the theoretical findings will be
compared with the available experimental observations to assess their consistency.

2. Theory

The nucleon density distribution is divided into two parts: the first corresponds to the
core nucleons, while the second is associated with the valence (halo) nucleons. Therefore, the
total nucleon density distribution for a halo nucleus is expressed as follows [11]:

Pmare (1) = pEIL () + pP () @)

where p is the nuclear density distribution, pcore is the core (inner) nucleon density, and pvalence
is the valence or halo nucleon density. The one-body density operator [12]:

pUE =EL,6(F ~7) )

where 7 is the radial distance from the center of the nucleus; pcore (r) and pvatence () represent

the density contributions from the core and valence nucleons, respectively.

S S( =) = s Ty (80— 1) + 60 = 7)) 3)
A useful transformation can be performed by converting the two-particle 7; and 7;

coordinates into the relative 7;; and center-of-mass R_U’ coordinates[13]:

- 1 .2 -
=3 (Rij + 13p) (4-a)
- 1 .2 -
1j = 7 Ry — 1) (4-b)

Introducing Eqgs. (4-a) and (4-b) into Eq. (3) yields:
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A - NG} - - - - - -
p(2)(r) = ﬁ D% {5 [(2)”27' — Ry — rij] +6 [(2)1127' — R + Tij] } (5-a)
Using the identity:
o1 S
6(ar) = ﬁ6 ) (5-b)

By applying the relevant identity Eq. (5-b), Eq. (5-a) can be reformulated into the
following expression for further analysis:
A - V2 - - - - - -
p(2) (r)= 24-1) %] {5 [\/Er — Ry — rij] +46 [\/ET' — Ry + rij] } (6)

An effective nucleon density operator, suitable for use with uncorrelated wave
functions, can be constructed by convoluting the operator defined in Eq. (5) with the two-body
correlation functions, denoted as C:

P(Resr (M) = 5 Siwy € {6 [V2r — Ry — 73] + 8 [V2r — Ry + 7] ¢ )

where the correlation operator C is described as:
C = CoCy (8)

where C; is the central correlation short-range, and Cq is the tensor correlation. Each of these
unitary operators is expressed with Hermitian two-body generators [14, 15]:

C, = exp[—iZKj gr,ij] } 9)
Co = exp|—iYi<; ol
where g, is the generator of the central correlation operator and g, is the generator of the tensor

correlation operator, which will rely on the particular NN interaction [14]. The generator for
the central correlation is expressed as follows:

9r = Zs13[@rSsrery + Ssr (1) q, sy (10)

where Iy is the dropping operator onto two-body spin S and isospin T. For a two-body system,
transform using a numerically known correlation function R, (r). Thus, the numerically
specified R, (r) was parameterized [14, 15]:

RoR(r)=r+a (%)n exp {— exp (%)} (12)

The parameter o governs the magnitude of the shift,  sets the spatial scale, while n
influences the sharpness of the variation near r = 0. These parameters are used in the central
correlation function to define the strength, range, and sharpness of the short-range correlations
in the UCOM method.

In a Hermitized form, the complete generator for the tensor correlations is expressed as
follows:

9o = 2r97r(r) Si2 (;: q_;z) 7 (12)

Making use of the public definition for a rank 2 tensor operator:
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$12(a.5) = 2[(.8) (4.b) + (.) (.4)| ~2(.) (d.b + b.4) (13)
The amplitude is given by the tensor correlation function 9, (r). The tensor correlation

function 91 (r) is represented using a specific parameterized form, tailored to capture the
spatial characteristics of the tensor interaction within the nucleon-nucleon potential [13,14]:

9) = a[1—exp (- -)] exp |- exp (%)] (14)

In the case of closed-shell nuclei, the Two-Body Nucleon Density Distribution
(2BNDD) is derived from the expectation value of the correlated two-body charge density
operator, as defined in Eq. (7), and is formally represented as follows:

po ) = (WIBG) () 1¥) = Zc; (6165 () 1) — 1700 (15

where v is the nuclear wave function.

The two-particle wave function is given by [16]:

ii)=>Y <jimijjm,-\JMJ><timtit,-mtj ™, >\(jijj>JMJ>\(tiu>TMT>

M, T™M;

(16)

It should be noted that the correlated two-body charge density operator introduced in
Eq. (7) is formulated in terms of relative and center-of-mass coordinates. Consequently, the
spatial and spin components of the two-particle wave function, originally expressed in the jj-
coupling representation, must be appropriately transformed into the relative and center-of-mass
coordinate systems to ensure consistency within this framework [16]. The rms radii
corresponding to the above density are given by [17]:

(r? >l/2 Ip (r)yr'dr (A7)

In the Plane-Wave Born Approximation (PWBA), both the incoming and outgoing
electron wave functions are approximated as ideal plane waves. This simplifies the interaction
analysis between the electron and the nuclear target. In the case of spin-zero nuclei with a real
and spherically symmetric charge density distribution in the ground state, the elastic electron
scattering form factor, F(q), can be directly obtained from the Fourier transform of this
distribution. Mathematically, the form factor is given by the following expression [18, 19]:

F(@) == [, pm(jo(qr)r3dr (18)

wherej, (qr) = sin(qr) /(qr) represents the spherical Bessel function of order zero, and q
denotes the momentum transferred from the incoming electron to the target nucleus.
Accordingly, Eq. (18) can be reformulated in the following manner:

F(g) = —f po (r) sin(gr) rdr (19)

where F(q) is the total form factor, Fr4(q) is the finite-size correction of the nucleon and F,,
(g) represents the center-of-mass correction.

Frs(q) = e~ 0430%\4 (20)
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Fom(q) = e9707\%4 (21)

By applying the corrections from Egs. (20) and (21), the total form factor in Eq. (19) is
obtained:

F(@) =2 [ po (r) sin(qr) rdrFy (@) Fom(9) (22

The above formalism provides the theoretical framework used to compute the density
distributions, mean square radii, and elastic electron scattering form factors for the selected
exotic nuclei.

3. Results and Discussion

The ground state characteristics of one-proton halo nuclei were evaluated using the
UCOM. As part of the assessments, root-mean-square radii were calculated. To increase the
precision of nuclear structure computations, distinct model spaces were used for the core and
halo regions. The research used two different size parameters: the valence size parameter and
the core size parameter. The parameters bc, by, bmat, o, B, and n were adjusted to reproduce the
experimental rms radii of the studied nuclei, ensuring that the calculated densities and radii are
consistent with the experimental data. These parameters, used in the nuclear structure analysis
based on the UCOM method for the selected exotic nuclei, are listed in Table 1. The table also
includes three additional parameters, a, B, and n, which are defined by Egs. (11) and (14).
These parameters are associated with the mathematical expressions of the short-range and
tensor correlation functions 9(r) employed in the UCOM framework.

Table 1: The Parameters for b, by, and bmar applied to the UCOM methodology of the present study
to match the calculated and experimental rms radii of exotic nuclei (°C, ®Al, and #P).

Exotic Nuclei | Core Nuclei | bc (fm) | by (fm) | b (fm) a B n
C B 1.83 2.54 2.04 120 | 1.15| 0.095
BA| 2Mg 191 3.27 191 1.42 1.3 | 0.160
27p %g;j 1.92 3.21 2.00 1.47 |1.33] 0.25

The estimated and observed root-mean-square radii for these exotic nuclei show good
agreement with experimental data, as shown in Table 2 [20-23]. The experimental error
margins are all within or close to the computed values. This agreement shows that the ground
state features of these unusual systems may be accurately described using the UCOM
technique. The sensitivity of the parameters to the calculated rms radii was tested by varying
each by £5%. The resulting rms values changed by less than 2%, confirming that the parameters
are well constrained by the experimental data. The graphs of Figs. 1-3 illustrate the relationship
between nuclear matter density and the radial distance(r) from the center of the nucleus. The
horizontal axis represents the distance from the nuclear center in femtometers (fm), while the
vertical axis displays the nuclear matter density (p) in fm= on a logarithmic scale.

These figures include several key components: the red curve represents the shell model,
which failed to reproduce the distinctive behavior of exotic nuclei. The blue curve shows the
core density, which also failed to exhibit the long-tail behavior. The black curve indicates the
valence proton density, and the green curve reflects the total matter density. The shaded gray
region signifies the extended distribution of nuclear matter beyond the conventional nuclear
boundary, highlighting the influence of the proton halo. This study focuses on three proton-
rich isotopes that exhibit potential proton halo characteristics. These results are consistent with
previous theoretical works by Hamoudi et al. [4] and Rahi and Flaiyh [21], which also reported
extended density distributions in proton-rich nuclei.
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Table 2: The calculated and experimental rms radii of exotic nuclei (°C, >*Al and *'P).

RMS matter radius for core RMS matter radius for
nuclei valence nuclei
Exotic | Core <r?>gr, (fm) <r?>)% (fm)
Nuclei | Nuclei "Caiculated | Experimental | Calculated | Experimental
Results Results Results Results
°C B 2.47 2.38+0.04 [20] 2.75 2.75+0.34 [21]
BA| 2Mg 2.98 2.78+0.26 [22] 2.98 2.905+0.25 [22]
27p 23 3.11 3.03+ .06 [23] 3.23 3.23+ 0.13[23]

3.1. °C Nucleus
Exotic nuclei with a single proton have short half-lives of 126.5 ms. The core (J7, T=
1+,2) and the valence single proton (J, T= % , %) are coupled to create the nucleus (J=, T= % :

%). With an rms radius of 2.47 fm and an oscillator size parameter of be = 1.83 for the core, the

results are consistent with the experimental value of 2.38 £ 0.04 fm. With an oscillator size
parameter of bm = 2.04 fm, the valence proton is assumed to inhabit a pure (1p1) state with an
rms radius of by = 2.88 fm, which is in agreement with the experimental finding of 2.75 + 0.34
fm. Table 2 displays the estimated and observed nucleon rms radii for this nucleus. The
experimental results and the theoretically determined values of rms radii show a strong
correlation. Fig. 1 shows the plot of the ground-state 2BNDD in fm™ as a function of r (in fm).
The black line, which shows a long tail in this distribution, represents the valence contribution
(one proton in the 1paw state), while the blue line represents the core normal contribution. The
green line, representing the matter density distribution (core + valence), has a large tail and
closely matches the experimental data shown by the shaded region.

The elastic electron scattering form factors of °C nuclei are shown in Fig. 2. The red
curve represents the theoretically calculated form factors for each °C nucleus. At the same time,
the black dots correspond to the experimental data of their stable counterparts, >C. The
calculated form factors for the proton-rich nuclei exhibit distinct behavior, characterized by a
significant spatial extension of nucleon distributions, particularly for the valence neutrons.

This extended distribution provides strong evidence for the presence of neutron halo
structures in these nuclei, in which weakly bound neutrons occupy orbitals far from the nuclear
core. The noticeable deviation between the theoretical form factors and the experimental data
for the stable nuclei further supports this interpretation. These findings highlight the importance
of incorporating halo effects when modeling the nuclear structure of systems near the proton
drip line.

3.2. 23Al Nucleus

The one-proton exotic nucleus Al has a short half-life of 0.47 seconds. The nucleus
(Jm, T=1\2%, 5/2) is generated by the coupling of the core (J=, T= 0%, 0) with the valence one-
proton (Jt, T=1/2%, 5/2). The oscillator size parameter for the core is be = 1.91, resulting in an
rms radius of 2.98 fm, which aligns with the experimental value of 2.78 + 0.26 fm. The valence
proton is assumed to occupy a pure (2s1v) state with an oscillator size parameter of by = 3.27
fm; using bmart = 1.91 yields an rms radius of 2.94 fm, consistent with the experimental result
of 2.905 + 0.25 fm.
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Figure 1: Calculated matter density distribution for °C with UCOM parameters compared with the

fit to the experimental data [21,22].
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Figure 2: Elastic form factor for °C nuclei. The filled circle symbols are experimental data [21,22].

Table 1 displays the estimated and observed nucleon rms radii for this nucleus. The
experimental results and the theoretically determined rms radii show a high correlation. Fig.3
illustrates the representation of the ground-state 2BNDD in fm™3 as a function of r (in fm). The
black line, indicating a prolonged tail in this distribution, represents the valence (one proton in
the 2s1\> state), whereas the blue line illustrates the core standard contribution. The green line,
illustrating the matter density distribution (core + valence), shows an extended tail and aligns
well with the experimental data represented by the shaded region.
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Figure 3: Calculated matter density distribution for 2Al with UCOM parameters compared with the
fit to the experimental data [23,24].
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The elastic electron scattering form factor is shown in Fig. 4. The red curve represents
the theoretically calculated form factor for the nucleus 2Al. At the same time, the black dots
correspond to the experimental data for its stable counterpart, 2Al. The calculated form factors
for the proton-rich nuclei exhibit distinct behavior, characterized by a significant spatial
extension of nucleon distributions, particularly for the valence protons. This extended
distribution provides strong evidence for proton-halo structures in these nuclei, in which
weakly bound protons occupy orbitals far from the nuclear core. The noticeable deviation
between the theoretical form factors and the experimental data for the stable nuclei further
supports this interpretation. These findings highlight the importance of incorporating halo
effects when modeling the nuclear structure of systems near the proton drip line.

3. 3. 2"P Nucleus

The one-proton exotic nucleus 2P has a short half-life of 0.26 seconds. The nucleus (J~,
T=1/2%, 5/2) is formed by connecting the core (J=, T= 0, +0) with a single valence proton (J,
T= 1+/2, 5/2). The core oscillator size parameter is bc = 1.92, yielding an rms radius of 3.11
fm. The valence proton is assumed to occupy a pure (2s12) state with an oscillator size
parameter of by = 3.21 fm, yielding an rms radius of 3.23 fm.

Table 1 displays the estimated and observed nucleon rms radii. The experimental results
and the theoretically determined values of rms radii showed good agreement. Fig. 5 illustrates
the graph of the ground-state 2BNDD in fm as a function of r (in fm). The black line, which
shows a long tail in this distribution, represents the valence contribution (one proton in the 2s1»
state), while the blue line represents the core normal contribution. The green line, which
represents the matter density distribution (core + valence), has a long tail and closely matches
the shaded region, which represents the experimental data.

The elastic electron scattering form factor is shown in Fig.6. The red curve represents
the theoretically calculated form factors for nucleus 2’P, while the black dots correspond to the
experimental data of its stable counterpart 3'P. The calculated form factors for the proton-rich
nuclei exhibit distinct behavior, characterized by a significant spatial extension of nucleon
distributions, particularly for the valence protons.
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Figure 4: Elastic Form Factor for 2Al nuclei. The filled circle symbols are experimental data
[23,24].
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Figure 5: Calculated matter density distribution for >’P with UCOM parameters compared with the

fitted circle symbols, which are experimental data [25].

This extended distribution provides strong evidence for the presence of proton-halo
structures in these nuclei, where weakly bound protons occupy orbitals far from the nuclear
core. The noticeable deviation between the theoretical form factors and the experimental data
for the stable nuclei further supports this interpretation. These findings highlight the importance
of incorporating halo effects when modeling the nuclear structure of systems near the proton
drip line.
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Figure 6: Elastic Form Factor for ’p nuclei. The filled circle symbols are experimental data.

4. Conclusions

In this study, the nuclear structure of exotic nuclei containing a single valence proton,
specifically occupying the 2s1» orbital, was analyzed. The matter density of these nuclei
exhibited a distinct long-tail behavior, which was investigated through the two-particle
correlation coefficient. The results indicate that nuclei containing a single halo proton display
structural features that differ significantly from those of stable nuclei. By employing the
UCOM, the nucleon distributions and density profiles were accurately described, providing
valuable insights into the internal dynamics of these exotic systems. The findings confirm that
the two-particle correlation function plays an essential role in enhancing the precision of
nuclear structure calculations and in describing proton-neutron interactions. This work
contributes to a deeper understanding of the nuclear structure of proton halo systems and
demonstrates the effectiveness of the UCOM approach for light exotic nuclei.
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