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Abstract

In this study, one-dimensional non-linear Klein-Gordon equations are
solved by applying the integral transform known as the Rohit transform method.
The approximate solutions of one-dimensional non-linear Klein- Gordon equations
are obtained by combining the Adomian polynomials with the Rohit transform. To
show the effectiveness and performance of the Rohit transform method, five one-
dimensional non-linear Klein- Gordon type equations are considered and solved.
The graphs of the solutions obtained are plotted to indicate the generality and
clarity of the proposed method. It can be easily verified that the proposed method
yielded the results that satisfy their corresponding non-linear Klein-Gordon
equations. The integral Rohit transform combined with Adomian polynomials
brought progressive methodologies that offer new insights on the problems (i.e.,
one-dimensional non-linear Klein-Gordon) examined in the paper, distinguishing
itself from existing methods and doubtlessly beginning up new research
instructions. Moreover, it reduces the complexity that occurs when non-linear
Klein-Gordon are solved by other methods available in the literature. It provided
precise results for the specific problems discussed in the paper, surpassing the
capabilities of different methods in terms of decision, constancy, or robustness to
noise and disturbances.
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The Klein-Gordon equation is very significant in quantum mechanics, condensed
matter physics, chemical kinetics, fluid dynamics and solid-state physics, etc. Generally,

it is written in the form [1, 2]:

0%v(x,t) 2 02v(x,t) _
At2 k 9x2 + g(v) - p(x; t)

with the initial conditions

v(x,0) = f(x) and &2 = 5(x)

(D

where: p(x, t) is a source term, k is a constant, g is a non-linear function of v, and f and
s are functions of x and t. Many advanced techniques have been used to obtain the
approximate solutions of the one-dimensional non-linear Klein-Gordon equations such
as Elzaki transform technique [3], homotopy perturbation technique [4, 5]. Adomian
decomposition technique [6-8], Variation iterational technique [9], exponential function
technique [10], the homotopy analysis technique [11], Sobolev Gradients [12],
variational method and finite element approach [13], radial basis functions method [14],
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collocation method [15], reduced differential transform method [16, 17], homotopy
perturbation Mohand transform method [18], local fractional derivative operators [19],
Laplace decomposition method [20, 21]. In this study, one-dimensional non-linear
Klein-Gordon equations were solved via combining the Adomian polynomials and
integral transform known as Rohit transform method. The solutions were expressed in
the form of a series that yielded the analytical solution with few iterations. To show the
effectiveness and performance of the Rohit transform combined with Adomian
polynomials, five one-dimensional non-linear Klein-Gordon type equations were
considered and solved. It provided precise results for the specific problems discussed in
the paper, surpassing the capabilities of other methods in terms of decision, constancy,
or robustness to noise and disturbances. The study is organized as follows: Section 2
displays the basic properties of the Rohit transform, section 3 presents the theoretical
approach of the method used on the considered equations, and section 4 shows the
potency of the Rohit transform technique combined with the Adomian polynomials to
solve some one-dimensional non-linear Klein-Gordon equations.

2. Properties of Rohit Transform Method
The Rohit Transform (RT) [22-24] is put into words for a function of exponential
order by the integral equations as:

R(W(D} = ¢3 [" e h(t)dt, t 20,9, <q < gs.

The variable q is used to factor the variable t in the argument of the function h.
The Rohit transform (RT) of unidentified functions [25-28] is given by:

[o9] o

zZ\"dz
iL.R{t"} = q3f e~attn dtzf e‘Z<—) — ,z=qt
0 0 q/ q
2 po 2 2 |
q _ q q n:
R{tn} = q—n.’; e % (Z)ndZ = q—n[(n + 1) = Fn' = qn_z
n!
Hence R {t"} = pre

o)

15 ot eibt_e—ibt
e | ———|dt

...R . — 3
ii. R { sinbt} qj T

e~ 9 sinbt dt = q3f
0

0

e—(q—ib)t_e—(q+ib)t)

R { sinbt} = ¢3 fooo( —
3

3
——1_ (e —e )4 T _ (@ - ¢

2i(q—ib) 2i(q+ib)

. __ ¢ ¢ _ b
R{Slnbt}_zi(q—ib) 2i(q+ib)  q2+b?
Hence R {sinbt} = 2%

q2+b2

o)

o) eibt + e—ibt
et <— dt

iii. R { cosbt} = q3J- 5

0

e~ cosht dt = q3.f

0
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dt

R { cosht} = q3J.

0 2
___a —o _ -0y _ _ @ —wo -0y — _ @ @ _

R { cosbt} = 2(q—ib) (e ™) 2(q+ib) (e e”) = 2(q-ib) = 2(q+ib)

q4
q2_+_b2

q4—
Hence R {cosht} = pEr
co o 3

iv.R{e"} = ¢* [[eT e dt = ¢* [(e”@ M) dt = — q_b) (e7—e™%) =

q° "
(q—b)

bty — @

Hence R {e”'} = p

Let g(t) be a piecewise continuous function in some interval, then the Rohit
Transform (RT) of g'(t) is given by:

o)

R{g'(D} = ¢° f e~ g'(t)dt
0

Integrating by parts and applying limits, we get:

o (e9)

R{g(®} = ¢ Ig(O) - f —qe‘qtg(t)dtl =q° l—g(O) +q f e‘qtg(t)dtl
0 0

R{g'(®} = qR{g(O} — q°g(0)

Hence R {g'(} = qG(q) — q°g(0)
On replacing g(t) byg’(t)and g’ (t) by g”’(t), we have

R{g"(0} = qR{g'(®} — ¢°g'(0) = q{qR{g(D} — q°g(0)} — q*g'(0)
R{g" (0} = ¢°R{g(D} — q*g(0) — ¢°g'(0) = q*G(q) — q*g(0) — g°g’(0)

Hence R{g"” ()} = q*G(q) — q*g(0) — q°g'(0)
Similarly, R{g""(©)} = q°G(q) — q°g(0) — q*g’(0) — q3g’'(0).
In general, R{g"(D} = q"R{g(D)} — Xp_; "3 g""1(0)

orR{g"(®) = 4"G(@) — ) a"+g*(0)
k=0

3. Theoretical Approach of the Rohit Transform Method

The focus of this study is on solving the one-dimensional non-linear Klein-
Gordon equations. The Adomian polynomial is combined with the Rohit transform
method to obtain the exact solutions of the one-dimensional non-linear Klein-Gordon
equations.
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Considering an equation of the form:

0™v(x,t)
G + Lv(x,t) + Nv(x,t) = h(x,t) (2)

. e . .. ... N ly(xt
where n is a non-zero positive integer and the initial conditions are: % =gn1(x)

where: L indicates the linear differential equation, N is the non-linear terms of the
differential equations and h(x, t) are the source terms.
Applying the Rohit transform to Eq. (2), we get:

q"V(x,q) — XRZ5qV 2 vk (x,0) + R{Lv(x, )} + R{Nv(x,t)} = R{h(x,t)}

n-1
q"V(x,q) = R{h(x, )} + Z q" K2 vK(x,0) — R{Lv(x,t)} — R{Nv(x, t)} (3)
Thus, simplifying Eq. (3),1:;3 obtain:
n-1

V@) = g RGO} + ) a7 VR 0) - MRV D} - RNV D) (4)
k=0
Applying the inverse Rohit transform on Eq. (4) gives:

q "R{h(x, D)} (Lv(x 0)
B n-1 1 —n[RiLv(x, 1)} +

v(x,t) =R™* n Z q K2 vk (%, 0) ( R™ {q R{Nv(x,t)} } )

k=0

Eqg. (5) can then be written as:
v(x,t) = f(x,t) — R"Y{q *[R{Lv(x, )} + R{Nv(x, t)}]} (6)

where f(x,t) is the expression that arises from the initial conditions given and the
source terms after it has been simplified. The solution is expressed as:

(o]

v(x, t) = Z vi(x,t) (7)

i=0

The non-linear part is reduced to:

Nv(x,t) = Z A; (8)
i=0

where A; are the Adomian polynomials [29-31].
Substituting Egs. (7) and (8) into Eq. (6) to obtain;

co

Z vi(x,t) = f(x,t) = R™! {q‘“ [R {LZ vi(x, t)} + R{z Ai}

i=0 i= i=0

} (9)
Then from Eq. (9), for i =0, we get:
vo(x, t) = f(x, 1) (10)

The recursive relation is expressed as:
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Viz1 (%, t) = —R"Hq " [R{Lv;(x, 1)} + R{A;}]}, wherei > 0 (11)

The analytical solution v(x, t) can be approximated by the truncated series:
n

v(x,t) = lim E v;(x, t)
n—>0o
i=0

4. Applications of Rohit Transform to the One-Dimensional Non-Linear
Klein-Gordon Equations

4.1. Example 1
Considering the following non-homogenous non-linear Klein-Gordon equation:

2%v(x,t) 0%v(xt
a(tz ) _ 65{2 ) + vZ = 6xt(x? — t2) + x°t%,0 < x < c (a constant) and t

>0 (12)

ov(x,0)

with the initial conditions: v(x,0) = 0 and 0

Applying the Rohit transform on Eq. (12), we obtain;

0%v(x,t)
0x?

q?V(x,q) — q*v(x,0) — g3v'(x,0) — R{ } + R{v?}

= R{ 6xt(x% — t?) + x5t%}

azv(x,t)}

q?V(x,q) + R{v?} = R{6xt(x? —t?) + x°t} + R{ o
2
Q?V(x q) = R{ 6xt(x? — t2) + x5t°} + R{(’;’—(”} — R{v?}

0%v(x,t)
0x?2

V(x,q) = q~2 R{6xt(x? — t2) + x°t} + q"ZR{ } —q2R{v?} (13)

Taking the inverse Rohit transform of Eq. (13), we get:

2
v(x,t) = R7H{q 2 R{ 6xt(x? — t2) + x5t} + q_ZR{a V(X't)} —q2R{v?}}

0x2

v(x,t) = R"}q72 R{ 6xt(x* — t2) + x°t®}} + R™? {q_ZR{az‘a,S; t)} —q?R{ vz}}

v(x,t) = R™1 {q?R{ 6xt(x* — t?) + x°t°}}
~ { o (0%v(x,1) ~
+R™1 qZR{ }—q ZR{VZ}} (14)

0x?
From Eq. (14):

vo = R7{q72 R{ 6xt(x? — t2) + x°t°}}
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3! 6!
vo = R1{q7? {6X3q — 6XE + X6—4}

q
R_1{6x3 I 66!}
Vo = — —6x— + x6—
0 q3 q°

q
33 3xt> N x°t8 15
Vo= X 10 ' 56 (15)
Therefore, the recursive relation is expressed as:
62
Vm+1 = R7! {q—z <ﬁ R[vi] — R[Ai]>} (16)
Fori=0, Eqg. (17) becomes:
62
v; =R7! {q—z <ﬁ R[vo] — R[A0]>} 17)
_(3xt? N x*t10
1710 " 168
X6t8 X12t18 9X2t12 3X7t15 X9t13
— + + — +
56 56.56.17.18 100.12.11 280.15.14 28.13.12
- 18
5.10.9) (18)

5 648
Cancelling the noise terms %and %from the components of v, and verifying that

the remaining non-cancelled terms of v, satisfy Eq. (12), we find the approximate
solution, which is given by:

v(x,t) = vy + vy ..
On substituting the values of vy, v4,...., we get:
v(x t) = x3t3

The numerical solution for Example 1 is shown in Fig. 1.
4.2. Example 2
Considering the given non-homogenous non-linear Klein-Gordon equation

0%v(x,t) 0%v(xt)
6&2 )— e, + v2 = x%cos’t — x cost,
X

0 < x < c(aconstant) andt > 0 (20)

with the initial conditions:

ov(x,0
v(x )=O

,0) = d
v(x,0) = xan ot

(21)
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vix, £}

Figure 1: Numerical solution for example 1.

Applying the Rohit transform on Eq. (20), we obtain:

%v(x, t
qZV(XJ q) - q4’V(X1 O) - q3V’(X, 0) —_ R{%} + R { VZ — R{ XZCOSZt —x Cost}
2
qzv(xl q) - q4X + R { VZ} = R{ XZCOSZt - X COSt} + R{a ;}E)z(,t)}

22V(x,t)
0x2

q?V(x,q) = R{x?cos?t — xcost} + R{ }+ q*x — R{v?}
0%v(x,t)

— -2 2. o2r t -2R
V(x,q) = q “ R{ x*cos“t — xcost} +q {axz

} + g’x—q 2R{v?} (22)

Taking the inverse Rohit transform of Eq. (22), we get:

aZV(X,t) 2¢ _ ~—2 2
0z }+ q°x —q * R{v°}}

v(x,t) = R71{q 2 R{ x%cos?t — x cost} + q‘ZR{
v(x,t) = R"}{q 2 R{ x?cos?t — x cost}}

+R™ {q‘ZR{%} + @’x —q*R{ vz}}
v(x,t) = R™1{q 2 R{ x?cos?t — x cost} + q%x}

+R1! {q‘ZR{%} —q%R{ uz}} (23)

From Eq. (23):

vo = R™1{q 2 R{ x%cos?t — x cost} + q*x}
<2
vo = R7! {q—z R{? (14 cos2t) — x cost} + qzx}

7
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XZ q4 q4
vo =R1! {q"z {7(q2 + o 4> - X o 1} + qzx}

XZ q2 q2
:R—l - 1 _ 2
vo {2( +_q2+4) Xq2+1+qx}

x? (t? 1
Vo=17 5+Z(1_C052t) + x cost

22 2  x2
Vo = X cost + T + e EcosZt (24)

Therefore, the recursive relation is expressed as:

62
Vmsr = R7? {q—z (ﬁ R[vi] — R[Ai]>} (25)
Fori=0, Eq. (25) becomes:
62

—R-1J),4-2
v =R {q (ﬁ R[vo] — R[Ao]>} (26)
Thus, simplifying Eq. (26) gives:

_ (3¢ + ! (1 2t) Xt + X _x 2t 27
vi=|56 T18 cos 2 3 8cos (27)

242 2 2
On cancelling the noise terms T’XE and XEcosZt from the components of v, and

verifying that the remaining non-cancelled terms of v, satisfy Eq. (20), we find the
approximate solution, which is given by:

v(x,t) = vy + Vg ..
On substituting the values of v, v4,...., we get:
v(x,t) = x cost (28)

The numerical solution for Example 2 is shown in Fig. 2.
4.3. Illustration Three
Considering the non-homogenous non-linear Klein Gordon equation:

0%v(x,t) 0%v(x,t)

pYe) >z +v? = xt+x*t2,0<x<c(aconstant)andt=>0 (29)
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vix,t)
1.0

05%
0.0%
051 4
~1.0%

Figure 2: Numerical solution for example 2.

with the initial conditions:

0v(x,0)

v(x,0) = 1and — (30)

Applying the Rohit transform on Eq. (29), we obtain:

0%v(x,t)

poe }—R{V}-i— R {v? = R{xt+ x*t?}

9*V(x,q) — q*v(x,0) — ¢°v'(x,0) — R{

2%2v(x,t)
0x2

q*V(x,q) = q*+ ¢°x + xq+2x2+R{ }+R{V}— R {v?}

0%v(x,t)
0x?

Vxq) = >+ glx+ xq 1 +2x2q 2+ q2 <R{ }+ R{v}— R{V2}> (31)

Taking the inverse Rohit transform of Eq. (31), we get:
v(x,t) =R q?+ gqlx+ xq ! + 2x? q7%}

+ R {q‘zR{M} +q?R{v}—q2R{ Vz}} (32)

x>

From Eq. (32):

vo =R q?>+ g'x+ xq 1 +2x?q7%}

=1+ t+Xt3+X2t4 33
oS ETETE T (33)
The recursive relation is expressed as:

2%v(x,t
Vms1 = R7? {Q_ZR{%} +q?R{v}—q2R{v?} (34)
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Fori = 0, Eq. (34) becomes:

62
v; =R7! {q_z <ﬁ R[vo] + R[vo] — R[Ao]>} (35)

where

xt3  x?tt
A0=V02= 1+Xt+_+

6 ' 12
_1+2t+xt3+xzt4+ 2t2+Xt3+X2t4+X2t6+X4t8+X3t7
- T T T X 3776 "T736 144 ' 36
=1+ 2xt+ t3+X2t4+ 2t2+X2t6+X3t7+X4t8
= A 3 X 36 | 36 | 144
5 4x  8x? " 20x% 140x3 280x*
R[A)l=q*+2xq+—+—F+2x" + —(+—+—
qa q q q q

Therefore, from Eq. (35):

te 2 xt3 xt® x%t¢ t2 xt® xt® x%t® x%t* 20x%t®

-y 44 =T
V173607276 "1207360 2 3 30 90 12 8l
140x3t%  280x*t10
91 10!
B e xt3 xt® x%t* x2t® 20x%t® 140x3t? 280x*t10 36
V17360 6 40 12 120 8! 91 10! (36)

. . xt3 x2t4
On canceling the noise terms - and BTS from the components of vy and

verifying that the remaining non-canceled terms of v, satisfy Eq. (29), we find the
approximate solution, which is given by:

vix,t) = vy + vy ..
On substituting the values of v, v4,...., we get
v(x,t) =1+ xt (37)
The numerical solution for Example 3 is shown in Fig. 3.

4.4. Example 4
Considering the following non-homogenous non-linear Klein-Gordon
equation:

%v(x,t) 0%v(x,t)
o e TV T X

0 <x<c(aconstant) andt >0 (38)

10
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Figure 3: Numerical solution for example 3.

with the initial conditions:

0v(x,0)
v(x,0) = 0and =x (39)
Jt
Applying the Rohit transform on Eq. (38), we obtain:
2%v(x,t
q?V(x,q) — q*v(x,0) — g3v'(x,0) — R{%} + R{v?} = R{x%*t%}
2 3 27 2.2 02v(xt)
q°V(x,q) — g°x+ R{v*} = R{x“t }+R{ s }
0%°V(x,t
q?V(x,q) = R{x*t?} + R{%} — R{v?} + g3
0%v(x,t

V(x,q) = q? R{x*t*} + q‘ZR{%} —q 2 R{v’} +qx (40)
Taking the inverse Rohit transform of Eq. (40), we get:
v(x,0) = RHq? R{x*%} + q?R{Toe) — g2 R {v?} + q)

2%v(x,t
v(x,t) = R"H{q? R{x*t*} + qx} + R™"] q‘zR{%} —q*R{ vz}}

2%v(x,t
v(xt) = R {q?R{x*t?} + gqx} + R™}) q‘zR{%} —q?R{ vz}} (41)

11
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From Eq. (41):

vo = R™1{q 2 R{ x?t?} + gx}

vo = R7H{q™* {2x*} + qx}
x2t*

Vo = E + xt (42)

Therefore, the recursive relation is expressed as:

62
Vi1 =R {q-z (a— R[] - R[Ail)} (43)
Fori1=0, Eq. (43) becomes:
62
v =R {q-z (a— R[vo] - R[Aol)} (44)
~ 6 x2t4  x3t7 s <410 o
V1T180° 12 252 ' 12960 (43)
2+4

On canceling the noise term %from the components of v, and verifying that the

remaining non-canceled terms of v, satisty Eq. (38), we find the approximate solution,
which is given by:

v(x,t) = vy + vy ..
On substituting the values of v, v4,...., we get:
v(x,t) = xt (46)

The numerical solution for Example 4 is shown in Fig. 4.

v, B

Figure 4: Numerical solution for example 4.

12
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4.5. Example 5
Considering the following non-homogenous non-linear Klein-Gordon

equation:
%v(x,t) 0%v(x,t) N

otz 0x?
0 <x<c(aconstant) andt >0 47)

= 2% — t?) + x*tt

with the initial conditions:

6v(x 0)

v(x,0) = 0and——==0 (48)

Applying the Rohit transform on Eq. (47), we obtain:

2
q*V(x,q) — q*v(x,0) — ¢3v'(x,0) — R {%} + R{v?}

= R{2(x? — t?) + x*t"}

q?V(x,q) + R{v?} = R{2 (x? — t?) + x*t* }+R{3 v(xt)}

G2V (x, q) = R{2 (x% — t?) + x*t* }+R{"’ 22D} - R{v?)

0%v(x,t)

52 } —q?R{v*} (49)

V(x,q) = q 2 R{2(x? — t?) + x*t*} + q‘zR{
Taking the inverse Rohit transform of Eq. (49), we get:
v(ix,t) = RYq2R{2(x? — t?) + x** } + q‘ZR{a V(Xt)} 2R{v*}}

v(x,t) = R"Yq 2 R{2 (x* — t?) + x*t*}}

0%v(x,
+R1! {q—ZR{ ‘a’i); t)} _ q_z R{VZ}}

v(x,t) = R1{q7?R{2 (x? — t?) + x*t* }}

2
+R71 {q‘ZR{%} —q?R{ vz}} (50)

From Eq. (50):
vo =R Hq2R{2(x? — t?) + x*t* }}

= x2¢2 t4+X4t6 51
Vo =X 6 ' 30 G1)

Therefore, the recursive relation is expressed as:

13
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aZ
Vs = R {q-z (ﬁ Rlvi] - R[Ai])} (52)
For i=0, Eq. (52) becomes:
62
v; =R™* {q—z (ﬁ R[vo] - R[Ao]>} (53)
t4 t8 <46 x2t7  x2t8  x6t10  y4pll  yByl4

- _ _ — — 54

V176 72016 30 * 210 * 140 1350+9900 163800 G4

. . t* x*t®
On canceling the noise terms Eand Efrom the components of v, and

verifying that the remaining non-canceled terms of v, satisfy Eq. (47), we find
the approximate solution, which is given by:

v(x,t) = vy + Vg ..
On substituting the values of v, v4,...., we get:
v(x,t) = x*t? (55)

The numerical solution for Example 5 is shown in Fig. 5.

Figure 5: Numerical solution for example 5.

5. Results and Discussion

The Rohit transform method combined with the Adomian polynomials was used
to solve the one-dimensional non-linear Klein-Gordon equations. Five examples of the
one-dimensional non-linear Klein-Gordon equations were solved with this method. The
method is effective in solving one-dimensional non-linear partial (Klein-Gordon)
differential equations as the result procured satisfies their corresponding non-linear
Klein-Gordon equations. Figs. 1, 2, 3, 4 and 5 show the three-dimensional graphs (i.e.,
numerical solutions) of the examples considered to give a detailed explanation of the
behavior and shape of the one-dimensional non-linear Klein-Gordon equations. The
graphs of the solutions obtained are plotted to indicate the generality and clarity of the
proposed method. The integral Rohit transform combined with Adomian polynomials
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brought the progressive principles or methodologies that offer new insights or views on
the problems examined in the paper, distinguishing itself from existing methods and
doubtlessly beginning new research instructions. Moreover, it reduces the complexity
that occurs when non-linear Klein-Gordon are solved by other methods available in the
literature. This shows that the proposed technique is suitable and can be operated on
other non-linear partial (Klein-Gordon) differential equations of higher integral order as
well as fractional order.

6. Conclusions

In this work, the approximate solutions of the one-dimensional non-linear Klein-
Gordon equations were obtained by combining the Rohit transform and the Adomian
polynomials. The graphs of the obtained solutions were plotted to indicate the generality
and clarity of the proposed method. It provided precise results for the specific problems
discussed in the paper, surpassing the capabilities of other methods in terms of decision,
constancy, or robustness to noise and disturbances. In the future, the Rohit transform
may be utilized to solve integral equations of Volterra or Fredholm type and also linear
and non-linear Klein-Gordan equations of higher integral order as well as fractional
order.
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