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Abstract Article Info. 

In parallel with the shell model using the harmonic oscillator's 

single-particle wave functions, the Hartree-Fock approximation was 

also used to calculate the neutron skin thickness, the mirror charge 

radii, and the differences in proton radii for 
13

O-
13

B and 
13

N-
13

C 

mirror nuclei. The calculations were done for both mirror nuclei in 

the psdpn model space. Depending on the type of potential used, the 

calculated values of skin thickness are affected. The symmetry 

energy and the symmetry energy's slope at nuclear saturation density 

were also determined, and the ratio of the density to the saturation 

density of nuclear matter and the symmetry energy has a nearly 

linear correlation. The mirror energy displacement was calculated, 

and the findings corresponded well with the available experimental 

data for the binding energies of the studied mirror nuclei. The 

measured values of the symmetry energy coefficient for the pair of 

mirror nuclei agreed with the computed ones, and this coefficient's 

value rises exponentially as the difference in charge radius increases. 
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1. Introduction 
In recent years, nuclear physicists have directed their efforts to measure one of the 

most fundamental properties of exotic atomic nuclei to measure and calculate the charge 

radius. Since the electric charge of a nucleus is established using electromagnetic 

interaction probes, the study of the charge radius is highly interesting since its 

determination is free from most nuclear physics uncertainty resulting from the strong 

interaction [1-8]. The nuclear equation of state (NEOS) has been applied for the isospin 

asymmetric material and is required to measure the charge radii in the mirror mass 

nuclei [9-17]. The charge radius has one determined by Brown [18-23], within an error 

of around 0.005 fm, which is the limit on L of the charge mirror radius, and the 

difference in charge radius,  Rch, of the mirror pairs has a relationship to the derivative 

of the symmetry energy (L). Information on the energy required to increase the neutron 

richness of nuclear systems is encoded in the nuclear symmetry energy (Esym). It is 

currently poorly understood, especially at supra-saturation densities, yet it has 

significant effects on nuclear structure, reactions, and neutron star features. Discoveries 

in astrophysics and nuclear tests on Earth have provided some limited constraints on its 

slope parameter L at the nuclear matter saturation density [24-27]. For the mirror pairs 
36

Ca/
36

S and 
38

Ca/
38

Ar, the instability's charge radii of 
36,38

Ca nuclei were calculated by 

Brown et al., and this information was utilized to calculate the ∆Rch. They concluded 

that the linked Rch and the slope of the energy symmetry L at the nuclear saturation 

density were set as L = 5–70 MeV, which excludes a large portion of forecasting models 

for an equation of state [28, 29].  
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This study aims is to investigate the nuclear structure of 
13

O -
13

B and 
13

N -
13

C 

pairs mirror nuclei using the harmonic oscillator's single-particle wave functions. 

Hartree-Fock approximation was also employed to calculate the difference of proton 

radii between mirror nuclei (Rmirr), neutron skin thickness (Rskin) and mirror charges 

(   
      radii which are proportional to the derivative of the nuclear equation of state 

(NEOS) at saturation density with ρ0 = 0.16 nucleons/fm
3
. The symmetry energy (Esym), 

the slope of the symmetry energy (L), and mirror displacement energy (MDE) were also 

calculated for each pair and compared with the available data.   

 

2. The Theory 
The radius of proton dispersion in a nucleus with (Z, N) should match the neutron 

distribution radius in mirror nuclei with (N, Z). The neutron skin thickness or Reskin (Z, 

N), should then naturally reflect the discrepancy between mirror-nuclei proton radii, 

Rmirr(Z, N) [28]. 

     (        (        (        (        (           (                  (   

where Rn and Rp are rms radius of neutrons and protons, respectively. 

The difference in ∆Rch of root-mean-square charge radii Rch of the mirror nuclei is 

given by [14, 18, 29]: 

        (        (                                                                                                      (   

The symmetry energy at nuclear matter saturation density (ρ0 = 0.16 

nucleons/fm
3
) is given by [30]:  

      (        (
 

  
)
 

                                                                                                             (   

where             and   is the matter density. 

The derivative symmetry energy is proportional with the neutron skins and given 

by [18, 31]: 

     [
     (  

  
]      

                                                                                                            (   

L is crucial for applying the NEOS to lower and higher densities, which is necessary to 

comprehend the structure of mirror nuclei. 

When Coulomb interaction is considered, the energy difference between two 

mirror nuclei is anticipated and it is a very obvious result of isospin symmetry-breaking, 

which is caused by the electromagnetic interaction. The difference between the binding 

energies (BE) of mirror nuclei is what is used to define the mirror displacement energy 

(MDE) [32, 33]: 

          (             (                                                                                               (    
 

3. Results and discussion 
In this paper, the neutron skin thickness and the proton mirror of light mirror 

nuclei with mass number A=13 were calculated by computing the neutron and proton 

radii using the psdmod interaction [34, 35]. The Calculations were done in the psdpn 

model space by employing the shell model code Nushellx [36]. According to this 

interaction, the one-body matrix elements were calculated for two-particle interaction 
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with proton-proton and neutron-neutron pairs. The one-body potential was produced 

using SkXs25 parameterizations, adopting two single-particle-potential HO with a size 

parameter of            and HF approximation [37-39]. Proton-rich and neutron-

rich nuclei are unstable (exotic) nuclei, which means their proton-to-neutron ratio is 

very different from the proton-to-neutron ratio in stable nuclei. An atomic nucleus with 

a protons-to-neutrons ratio significantly higher than those in stable nuclei is considered 

proton-rich. When it comes to the neutron-rich nucleus, it has a neutron skin and is 

referred to as such because the ratio of neutrons to protons is higher [40-42]. The 

Calculations Rskin of the used nuclei showed the distinction between the proton- and 

neutron-rich nuclei in the current study. 

The Rskin is measured in fm units and equals to Rskin =Rn − Rp, when (Rn) and (Rp) 

are rms radius of neutrons and protons, respectively. For 
13

O -
13

B mirror nuclei, the Rskin 

of the 
13

O nuclei is -0.083 when the HO potential is used, and -0.414 when using the HF 

potential. The negative values of Rskin are because the 
13

O nucleus is a rich with proton. 

The Rskin for 
13

B nucleus when using HO potential is 0.085, but when using the HF 

potential Rskin is 0.305. Similarly, for 
13

N -
13

C mirror nuclei, the Rskin of 
13

N nucleus 

using the HO potential is -0.027, this value is close to Rskin value of 
13

C nucleus but with 

the opposite sign, using the HF potential, the Rskin for 
13

N nucleus is -0.169 but for 
13

C 

nucleus is 0.084. 

One can conclude that the values of Rskin it’s varies according to the kind of 

potential used and the small difference in Rskin results between the two pairs mirror due 

to the kinetic energy operator difference between the proton and neutron masses. The 

Coulomb interaction pushes out the density of the protons relative to neutrons, causing 

an imbalance in the neutron skin. The calculated value of Rmirr and    
    when using the 

HO wave function are less than when using the HF wave function for the same above 

reasons. For 
13

O -
13

B mirror nuclei, when the absolute value of       is equal to 3, the 

value of  Rnp or  Rskin is 0.1095 fm, which is larger than that the value of  Rnp for 
13

N -
13

C mirror nuclei and when the       = 1 (small), the same results of calculated values 

of     
     are obtained. All results are shown in Table 1 and compared with 

experimental data [43]. 

 
Table 1: Calculated mirror, skin and mirror charges radii of 

13
O-

13
B and

13
N-

13
C using HO 

and HF eigen functions. The calculated    
     are compared with the experimental data [43]. 

   
     

Exp(fm) 

HF eigen function          HO eigen function        T Nuclei 

               
                    

     

------- 
-0.414 

0.305 

0.398 0.392 -0.083 

0.085 

0.012 0.02  

 

 

 
 

 
 

13
O 

13
B 

0.0114
 

-0.169 

0.084 

0.138 0.13 -0.027 

0.027 

0.027 0.022  

 

 

 
 

 
 

13
N 

13
C 

 

Fig. 1 displays the outcomes of the neutron skins employing the HF potential of 
13

B against the difference in mirror radius between the protons in 
13

O and 
13

B. The plot's 

points roughly follow a straight line except for higher Rmirr. This results from the self-

consistent conflict between the symmetry potential and the Coulomb interaction in the 

calculations of the energy-density function.  

Understanding the structure of nuclei requires an understanding of the density 

dependence of nuclear symmetry energy. Fig.2 displays the density dependence of Esym 

for HF approximation using SkXs25 parameterizations. It is seen that the relationship of 
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symmetry energy with the ratio of density to saturation density of nuclear matter is 

almost a linear relationship. 

In mirror nuclei, the NN interaction includes isospin-symmetry-breaking 

components, where the Vnn was found to be around 1% stronger than the pp interaction, 

Vpp and the np interaction, and Vnp to be about 2.5% stronger than the average between 

Vnn and Vpp. Both of these effects are referred to as charge-independence breaking and 

charge-symmetry breaking, respectively [44]. Protons and neutrons have distinct 

masses, which result in various kinetic energies and affect the boson or two-boson 

exchange. This is where the charge-symmetry breaking force comes from. The pion 

mass splitting is the primary contributor to the charge-independence breaking force [45, 

46]. The mirror displacement energy (MDE) is where the isospin-symmetry-breaking is 

most visibly present. The calculated MED for 
13

O -
13

B pair mirror nuclei is 9.6608 MeV 

which is agreed with the experimental value 8.90006 MeV [47]. For 
13

N-
13

C, the 

calculated value of 3.3 MeV is close to the experimental value. The values are shown in 

Table 2. 

 

Figure 1: Relationship between the Rmirr of the mirror nuclei 
13

O - 
13

B and 
13

N - 
13

C   with the 

Rskin of 
13

B and 
13

C, respectively. 
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Figure 2: Relationship between the   

 
⁄  of the mirror nuclei 

13
O - 

13
B and 

13
N - 

13
C 

with the Esym. 

 

The calculated slope of the symmetry energy parameter L of 
13

O -
13

B and 
13

N-
13

C 

pair mirror nuclei are 114.67 and 114.43, respectively, which are agreed with the 

measured value 106 37 MeV [48]. The relationship between the L parameter and Rskin 

for the 
13

O-
13

B and 
13

N-
13

C pair mirror nuclei using HF potential is shown in Table 2 

and Fig. 3. In the presence of Coulomb corrections, the difference in charge radius      

of the mirror nuclei is proportional to the parameter L at the saturation density [49]. It 

was noticed from Fig. 4 that the value of L increased exponentially with the increase of 

     for both mirror nuclei. Nuclear matter's symmetry energy at saturation density and 

its entire density dependence have garnered much attention in recent years. The 

symmetry energy measures the system's binding change as the neutron-to-proton ratio 

changes at a fixed value of the total number of particles. As a result, it can be thought of 

as the symmetry energy as a function of density. It was shown that instability may occur 

for nuclear models with small values of symmetry energy. 

The neutron skin Rskin or Rnp, Esym and Rch depends on both        . The L 

dependency in Rski predominates as     increases. Incorporating a surface symmetry 

energy factor into the nuclear mass formula, Brown [18, 50] has examined this 

dependency. The L factor is dominant when       is large. However, when    
  drops to zero, just the Esym factor is left. 

Table 2: The calculated value of slope of the symmetry energy and the mirror displacement 

energy for 
13

O -
13

B
 
and 

13
N-

13
C mirror nuclei. 

  

 

 

 

 

 

 

 

 
 

MED (Mev) symmetry energy slope 

parameter (L) (MeV) 

Mirror 

Nuclei 

 Exp Cal. Cal.  

8.90006 

 

9.6608 

 

114.67  

 

13
O -

13
B 

3.00283 

 

3.3 

 

114.43 

 

13
N-

13
C 
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Figure 3: Represent the relationship between the L parameter and Rskin for the 

13
O -

13
B and 

13
N-

13
C pair mirror. 

 
Figure 4: Relationship between the      of the mirror nuclei 

13
O - 

13
B and 

13
N - 

13
C with  

the L. 
 

4. Conclusions 
The nuclear structure of 

13
O-

13
B and 

13
N-

13
C mirror nuclei is analyzed using HO 

and HF wave functions. Due to the kinetic energy operator difference between the 

proton and neutron masses, there was a slight discrepancy in Rskin findings between the 

two sets of mirrors. The values of Rskin were different according to the type of potential 

applied. When utilizing the HO wave function, Rmirr and    
     were estimated at lower 

values than when using the HF wave function. The calculations of MDE were a good 

match with the data that is currently available for the mirror nuclei's different binding 

energies.       

Lastly, the ratio of the density to saturation density of nuclear matter and the 

symmetry energy has a nearly linear correlation and the calculated value of slope of the 
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symmetry energy parameter L for the mirror nuclei pairs 
13

O-
13

B and 
13

N-
13

C was 

agreed with the measured value. The value of L was increased exponentially with the 

increase of      for both mirror nuclei. 
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 للنوى المرآتية دراسة طاقة التناظر ومعادلة الحالة النووية
13

O -
13

B و 
13

N-
13

C 
 

رنا هيثم حارث
1

صباح حميذبان و  
1  

 ، خاٍعح تغذاد، تغذاد، اىعشاقىيثْاخ قسٌ اىفُضَاء، ميُح اىعيىً 1

 

 الخلاصة
حساب ذٌ فىك أَضًا  -اسرخذاً ذقشَة هاذشٌوتزتزب اىرىافقٍ، رٍىخح اىدسَُاخ اىَفشدج ىيَ دواهتاسرخذاً ووفقاً ىَْىرج اىقششج، 

ومزىل ذٌ حساب اىفشق تُِ أّصاف الاقطاس ىضوج اىْىي اىَشآذُح  واىشحْح اىَشآذُحأّصاف الاقطاس ىسَل اىقششج اىُْىذشوٍّ 
13

O-
13

B  و
13

N-
13

Cاىَزمىسج أعلآ فٍ ٍساحح َّىرج  . ذٌ إخشاء اىحساتاخ ىنو ٍِ ّىي اىَشآذُحpsdpn اسرْردْا أُ قَُح سَل اىقششج َخريف .

وماّد ّسثح اىنثافح اىً  مثافح اىرشثع اىْىوٌ ذاىرْاظشعْطاقح  واّحذاس اعرَاداً عيً ّىع اىدهىد اىَسرخذٍح. ذٌ أَضًا ذحذَذ طاقح اىرْاظش

خُذ  اىْرائح تشنوحساب إصاحح طاقح اىْىي اىَشاذُح حُث اذفقد  ذٌ اَضا .مثافح اىرشثع ىيَادج اىْىوَح وطاقح اىرْاظش ىها علاقح خطُح ذقشَثا

. أذفقد اىقٌُ اىَقاسح واىَحسىتح ىَعاٍو طاقح اىرَاثو ىضوج اىْىي سوسحذٍع اىثُاّاخ اىردشَثُح اىَراحح ىطاقاخ ستظ ّىي اىَشآذُح اىَ

 اىَشآذُح، وذشذفع قَُح هزا اىَعاٍو اسُأ ٍع صَادج  اىفشق فٍ ّصف قطش اىشحْح.

 

 ٍعادىح اىحاىح، طاقح اىرْاظش، ّصف قطش اىشحْح اىَشآذُح، إصاحح اىطاقح اىَشآذُح، ٍْحذس طاقح اىرْاظش. الكلمات المفتاحية:

 

 


