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Abstract

This work is devoted to study the properties of the ground states
such as the root-mean square (rms) proton, charge, neutron and
matter radii, nuclear density distributions and elastic electron
scattering charge form factors for Carbon Isotopes (°C, **C, *3C, *°C,
16c, 1'c, *C and %C). The calculations are based on two approaches;
the first is by applying the transformed harmonic-oscillator (THO)
wavefunctions in local scale transformation (LST) to all nuclear
subshells for only °C, *?C, **C and %C. In the second approach, the
°C, 1°C, ¢, Y'C and *°C isotopes are studied by dividing the whole
nuclear system into two parts; the first is the compact core part and
the second is the halo part. The core and halo parts are studied using
the radial wave functions of HO and THO radial wavefunctions,
respectively. For °C, ?C and 3C isotopes, the no-core shell model
(NCSM) are studied using the Warburton-Brown interaction. Very
good agreements are obtained for the calculated density distributions
and form factors in comparison with experimental data.
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[1]. One of the most fundamental
properties of atomic nuclei are the
nuclear neutron, proton, charge and
matter root-mean square (rms) radii.

Introduction

The study of density distributions
are very important in studying the
nuclear structure and nuclear reactions
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Over the years, an information about
charge densities can be obtained by
different approaches, started from
elastic electron scattering and muonic
atoms (u—-) [2]. The density
distributions and matter radii are
deduced from interaction or reaction
cross sections [3]. The proton and
neutron rms radii are essential for
extracting the neutron skin thickness
[4]. The charge radii of unstable
isotopes are a variable from isotope
shift measurement [5]. The discovery
of halo structure was one of the most
striking indications of the changes in
structure for exotic nuclei. The
extraordinary interaction cross section
and rms matter radius was an
outstanding property founded by
Tanihata et al., in 1985 for some exotic
nuclei [3]. The nuclear halo is a
structure  with a dilute matter
distribution and characteristic such as:
a very loosely bound valence nucleon
and short lifetimes. The nucleons in
halo nuclei held in a shallow potential
well can tunnel into the surrounding
space with significant probability to be
found at distances much greater than
the nuclear radius and can have
wavefunctions that extend to distances
much larger than the range of the
interaction [6]. The nuclear halo is
related to low separation energy of the
last proton(s) or neutron(s) in
comparison with the rest of other
nucleons [7]. In addition, the
centrifugal barrier is preferred to be
low, i.e., the orbital quantum numbers
are either [ = 0 or [ = 1 [8]. Over the
last few decades, experiments at
radioactive ion beam facilities have
revealed that several drip-line nuclei
have a halo structure divided into a
“core” of normal nuclear density and
one or more protons or neutrons whose
probability distribution extends far
beyond the range of nuclear
interactions [9]. The first idea of halo,
which was suggested by Jonson and
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Hansen [7] was appeared when the
binding energy is sufficiently small. It
appears in loosely bound. Two-neutron
halo nuclei, such as °He and *Li have
the remarkable property that none of
their two-body subsystems are bound.
Thus, °He can be modeled as a bound
three-body o + n + n system despite
there being no bound states of n+n (the
dineutron). Such nuclei have been
dubbed ‘Borromean’, since the
observation of the *Li halo, special
attention has been paid to nuclei
showing a halo state consisting of two
neutrons. In ref. [10], the compilation
of experimental matter radii of nuclei
in sp and sd shells are presented. These
two-neutron halo nuclei are three-body
systems with no bound binary sub-
system and are referred to as
Borromean nuclei [11]. In ref. [12], the
density distributions and rms radii are
calculated using LST for some nuclei
with  limited agreements  with
experimental data. In their results, the
filling numbers of pure state are

adopted.
In this  work, the radial
wavefunctions of THO is used to

reproduce the long tail characteristic of
exotic nuclei. The bare HO
wavefunction is not sufficient to
reproduce such characteristic,
therefore, the LST are used to get rid
of such defect.

Theoretical basis

The radial multipole transition
density  operator of order ]
(multipolarity) and projection M can

be written as [13]:

x 6(r-ry)
=17 2

Pime, = V@i ¢0) (1)
where x denotes the number of
neutrons (N, t, = —1/2) or protons
(Z, t,=1/2). The nuclear matrix
element to Eq. (1) between initial and

final nuclear states can be written
as [13]:
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b,a,t,

1 1

P16 = = Ts S
where Ry, (r, b, ) represents the radial
wavefunctions. The J; and J are the
total spin of the nucleus in the initial
and final states. Besides, a and b
denote the single-particle quantum
numbers of initial and final states (nlj;
n,l and j represent the principal,
orbital and total spin quantum numbers
of a single nucleon, respectively).

2]a+1
2]i+1

Pj= Otz( r) = =YX

a,at,

The nuclear density distributions of
point neutron and proton for halo
nuclei are calculated in two methods;
the first is by using Eq. (3), the second
is by writing the density distribution as
a sum of two main parts; the core
(2%, (1)) and the halo (4%, (1)) as
follows [15]:

core

pr=ot, (1) = p;2oe, () + Pha(l)otz (r)(4)

In Eq. (4), the core and halo parts are
calculated respectively by using the
following two formula:

1 2
P26, (1) = T éntes |Ruu (7, be,)|
(5)
and
1 2
PI, (1) = o= Tt G0EL0 R b))

(6)
where &577¢ and &ni°represent the
neutrons or protons occupation number
in the nl shells of core and halo
respectively. In the present work, &;7;°
takes integer numbers as predicted by
simple shell model. pJa,  takes
assumed fractional real numbers. Due

JiJi,J=0

<jb ” Yj] ”ja)Rnblb (T', btz)Rnala (T', btz)
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(2)
le’;i;] is the weight of transition

calculated from nuclear shell model by
using Nushell code [14] for a given
effective interaction and model space.

For ground density distribution
Ur=Ji,a=band ] =0), Eq. (2)
can be written as:
2
|Rn 1, (7. be)| (3)

to the Gaussian fall off behaviour of
the radial wavefunction of HO
potential. The Ry, (r,b;,) in Eq. (3)
and (6) are calculated by using the

transformed HO (THO) radial
wavefunctions based on LST as
follows [16]:
RIO(r,by,) =12 [LD R (£0r),by,)

()
and the function f(r) is [16]:

1
f@r) = [ﬁ ®)
")

The f(r), in Egs. (7) and (8), represent
a function chosen so as to reproduce
the proper asymptotic condition
(exponential shape) for the density
distribution at large r, besides that it
leaves the interior shape of density
unchanged [17]. m and y in Eq. (10)
are an integer and real numbers
controls how sharply the tail of wave
function will be. Therefore, Eqgs. (3)
and (4) become, respectively as
follows:

1 [2jg+1 0 Ji,J=0 2
Pj=o, tz( r)=— 2]] 1 Ya cjzajtzj |RTHO (r, btz)l (9)
and
1 2 1
Pr=0,6,(") = 1= T G058 (R, be,)|* + = By 60080 |REFO (b, )|* (20)
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The main two methods in Eq. (9) peTe(r) = pften (r) + ple, (r)(11)
and (10) are denoted by LST and
HO+LST, respectively. The matter where

density distributions can be written as:

pr e (r) = P]C%?tfl/z () + p]CgG,etz=—1/2 (r) 12)
and

P;lg(l)?m(r) = P;lg(l)?tz=+/—1/2 () (13)

The total charge density distribution folding of single proton/neutron charge
pcn(r) (CDD) is coming from protons density (ppr/pPney) into the distribution
and neutrons as follows: of the point proton/neutron density in
Per(T) = Pent,=1/2(1) + Pene,=-1/2(T) Egs. (9) or (10) as follows:

(14) Pcht,=1/2 (r) = fp]=0,tZ=1/2(r)ppr(r -
r)dr’ (15)
The first and second terms in and

Eq.(14) are obtained by taking the

Peht,=-1/2 (r) = fP]=o,tz=—1/2 () ppeu(r —1")dr’ (16)
ppr(7) [18] and ppe, () [19] takes, where X stands for N (number of
respectively the following forms: neutrons), Z (atomic number), and A
<ﬁ> (mass number), respectively. The rms

ppr(1) = L _e\%r (17) charge radii are calculated from:

(\/Eapr) 1/2 477 oo
and (r*)en =\/7f0 pr=o0,cn(T)r2dr (20)
— 1 2g. ,-r%/r? . o

Preu(T) = (m_z)s/221 Gie™" /T (18) Finally, the longitudinal electron
In Eq. (17)‘ a,. = 0.65 fm [18] to scattering form factors in the first Born
P approximation can be written as [21,

reproduce the experimental charge

rms radius of the proton ((r2)X? = 22c]:
2\ 1/2 pr F],ch(Q) =
= ~ 0.8 . In Eqg. (18), the 1 4
() e ~08fm).nEq (8) the 1 Ay oot )l g @
parameter 6; and r; are given in t
Table 1. (21)
or
Table 1: Parameters of the neutron c c
charge distributions. Fro(@) =2, Fr(a.t) fr,(@  (22)
0, 1 where
6 -1 1 4
T12 (.|:2m2) 0.469 F]C(CL tz) = E (ZL—ZDU/‘”O]C(CI' tz)”]i)
r# (fm?) 0.546 (23)
since,

The rms radii of neutron, proton
and matter are calculated from [20]: Ffon(a t) = FF(q, t)fe, (@)  (24)

<r2>}(/2 = 471-[_[000 p]=0‘X(r)T'2dT' (19)

Therefore, Eq. (24) can be written as:
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F](,:ch(Q) = th F](,:ch (q’ tz) (25) ﬁtz (7_:) = Z?:l et, 6(7_: - Fl) (27)
where q represents the momentum The reduced matrix element in
transfer from electron to nucleus. |J;) Egs.(21) and (23) can t{e written in
and |]f) are initial and final states of terms of the reduced matrix element of
the nucleus. f., (q) is the charge form asmglce nucleon matrix element as:
factor of a single proton and neutron </f||01 .(q, tz)”/i) =
given by taking Fourier transforms b Xif;)]‘;’/]n (b, t,]|0f (g, 7, t)||a t,)
to Egs. a7 and (18), (28)
respectively. 0ﬁtz=1 ,2(q)  represents where
the (;oul_omb multipole operator of_ the Of(q,r, t,) = e, j;(qr)¥; () (29)
longitudinal electron scattering given
byc[21]: ' . The single nucleon matrix element in
Oim,(q,t2) = [ J;(qr) Yju,(Q)Pe,(P) Eq. (28) is given by:

(26)

(b, t,]10F (@70, ) = e by |y @ nala) () @0 (22) ja) (30)

Eq. (21) can be written as [21]

Fen@] = Jras o iy (ar) pr.en(ryrdr| (31)
where j;(qr) and p.p () are spherical radial wavefunctions of HO potential
Bessel function and charge transition and THO are applied to the core and
density distribution, respectively. halo parts of the aforementioned
For J = 0, Eq. (31) can be written as nuclei, respectively. Besid_es, the
|F& ()] = results of the. above two techniques are
N v , compared with the results of the HO
Z (2]i_+1)|f0 Jo(qr) pen(r)rdr|(32) calculations to show the defect of such

bare radial wavefunctions in studying
the halo nuclei. The properties of
carbon isotopes °C, **C, c, **c, °c,
'C,°C and “2C are shown in Table 2.
In Table 3, the size parameters (b,

Results and discussion

One of the important techniques to
study the unstable nuclei and the long
tail characteristic associated to the halo

nuclei is the LST and b,), occupation numbers, m and
' ; 9~ 15~ 16

The calculations are established on Ypn for 1(9:arboq isotopes (°C, ~°C, ™°C,
two major techniques; the first is Cand ~C) using HO+LST technique.
denoted by LST where the THO is In Table 4, the size parameters (b, and
applied to all subshells of the nuclei bn), occupation num?grs, 17371 and Ypn
°C, ¢, *C and *C. The second one is for Carbon isotopes *“C, ~C and “C
called HO+LST applied to the nuclei using LST technique.

°c, 5c, ¢, Y'c and °C, where the
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Table 2: Properties of carbon isotopes °C , **C, **C, *°C, **C, ''C, **C and %C.

. Separation
Ax J* H?I_I{r'nl‘;fe Type Energies in
ZAN | 23] 23] [24] MeV[25]

oc; | 32 | 1265ms | 1p-halo S, =1.299

S, =15.956

12 + 14
eCe 0 Stable Stable S, = 18.720
S, =17.533

13 - p
5C 1/2 Stable Stable S, = 4946
12¢y | 1/2° 2.4495 s 1n-halo S, =1.218
¥cwo!| 0 0.747 s 2n-halo Son =5.468
17¢, | 3127 193 ms 1n-halo S, = 0.734
Ve | U2 46.2 ms 1n-halo S, = 0.580
“C 0* 6.1 ms 2n-halo S,, =0.035

Table 3: The HO size parameters, occupation numbers and y,, , for Carbon isotopes °c, ¢,
18C,"C and *C using HO+LST technics.

X b,(fm) | b, (fm) nl; Occupation m Yo Vn
- ! i number (fm™) | fm™h)
oCs3 1.639 1.599 1Py, 1.0 16 1.442 1.208
1ds;, 0.35
1d 0.05
15 32
eCo 1.59 1.6 2517 06 26 2.19 1.543
1ds), 0.7
1d 0.2
16 3/2
6¢C10 1.604 1.61 251, 11 26 1.376 1.503
1ds), 0.5
1%c 1dp 0.2
6“11
1.645 1.799 25.7 03 26 2.270 1.993
1ds, 0.2
1d 0.1
19 32
6C13 1.631 1.736 25,7 0.7 26 2.255 1.277
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Table 4: The HO size parameters and y,,, for Carbon isotopes **C ,**C and %C.

4x b,(fm b,(fm nl m Yp Vn
ZAN p(f ) n(f ) (fm—l) (fm 1)
1594 | LST |[1594| LST Spsdpf
12¢, spsdpf Assumed
no.
1S 1.0
Assumed Assumed | 1p3/2 3.7 24 | 2.599 2.599
1.456 | filling | 1.456 | filling [145/2 0.8
no. no. 251/2 0.1
1f7/2 0.2
2P3/2 0.2
1.563 LST 1.652 LST Spsdpf
Assumed
5 spsdpf no.
6™7 Assumed Assumed | 1S,, 1.0 8 | 2375 | 2512
1.419 | filling | 1.443 | filling 1P3/2 3.7
no. no. 1d5/2 0.8
251/2 0.1
1f7/2 0.3
Assumed
spsdpf no.
1Sy, 2.0
Assumed Assumed [1p3/2 4.0
no. no. 1d5/2 18
251/2 2.0
2P3/2 2.6
2P1/2 1.6
The calculated proton, charge, In Table 6, the calculated proton,

neutron, matter rms radii for Carbon
isotopes °C,*C,**C, 'C and *°C using
HO+LST technique are presented in
Table 5 and compared with available
experimental data. Unfortunately, there
are no available experimental proton,
charge, neutron and matter rms radii
for °C, therefore, the calculated radii
are compared with theoretical result of
ref. [26].

109

charge, neutron, matter rms radii for
Carbon isotopes *2C, *C and %C using
LST technique are shown and
compared with available experimental
data. In Table 7, the same quantities
calculated in Table 5, but using HO
technique. The HO size parameters for
protons and neutrons (b, and b,) are
chosen so as to reproduce the
experimental rms radii.
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Table 5: Calculated proton, charge, neutron, matter rms radii in Fermi’s for Carbon
isotopes °C,”*C,'°C,*’C, C by using HO+LST technique compared with available
experimental data.

ay | By | by | 20172 Th+eo' 2n1/2| 23172 | ;. 2\1/2 Th+eo.
2| my | (pmy | T g | e T e,

(rz)l/z (r2>11n/2

p

2; | 1630 | 1599 | 2682 | oo | 2773 | 2165 | 2522 |
15c, | 159 | 1.6 | 2.340 2'[3277(]3) 2437 | 2721 | 25576 2'[5247(]4)
16C,,| 1.604 | 1.61 | 2.361 2'[4207(]4) 2453 | 3.048 | 281 2-7[5161(]58)
"6C11| 1645 | 1.799 | 2421 2'[4227(]4) 2507 | 2.928 | 2.759 2'[7267(]3)
19¢,,| 1631 | 1.736 | 2.401 2'[4207(]3) 2483 | 3455 | 3.160 3-[12@(]7)

Table 6: Calculated proton, charge, neutron, matter rms radii in Fermi’s for stable
Carbon isotopes '2C, *C, by using LST technique compared with available experimental
data.

b Exp. Exp. EXxp.
oy | oy | 25 a2 | <r2>?,{2 e e | g

12c. | 1.594 | 1.594 | 2.358 | 2.33(1) | 2.465 | 2.464(12) | 2.358 | 2.358 2.35(2)

[27] [28] [11]

B3¢ 1563 | 1652 | 2.336 | 2.32(1) | 2440 | 2.440(25) | 2489 | 242 | 2.42(24)
[27] [28] [11]

22c 1721 | 28 | 3003 | __ | 3176 _ 6.698 | 594 | 5409
[29]

Table 7: Calculated proton, charge, neutron, matter rms radii in Fermi’s for Carbon
isotopes °C, *C, *C, °C, '®C, *'C and *°C by using HO technique compared with available
experimental data.

Theo.
b b 1/2 + 1/2 1/2 12| EXp.
éXN (f:;l) (f’lr”;l) (rz)p EXp (rz)cl/l (rz)n/ (rz)m/ (r2>;1n/2
<r2>1/2
p
2.684 2.522
9
6Cz | 1.819 | 1.599 | 2.677 [26] 2.782 | 2.165 | 2.518 26]
2.37(3) 2.54(4)
15
eCo | 159 | 1.736 | 2.340 [27] 2436 | 2.720 | 2.575 [27]
2.40(4) 2.756(58)
16
eCio | 1.604 | 1.927 | 2.361 [27] 2.452 | 3.047 | 2.809 [11]
17¢ 2.42(4) 2.76(3)
6%v11
1.645 | 1.809 | 2.421 [27] 2507 | 2927 | 2.759 [27]
2.40(3) 3.16(7)
19
6C13 | 1.631 | 2.086 | 2.401 [27] 2.479 | 3.454 3.16 [27]
In Table 8, the calculated proton, using HO technique are presented and
charge, neutron, matter rms radii for compared with available experimental
stable Carbon isotopes **C and *C data.

110




Iragi Journal of Physics, 2018

Vol.16, N0.39, PP. 103-116

Table 8: Calculated proton, charge, neutron, matter rms radii in Fermi’s for stable carbon
isotopes **C, **C, by using HO technique compared with available experimental data.

b b 12| EXp. 12| EXp. Exp.
Ax P n 2\1/ 2\1/ 2\1/2 2\1/2
| rmy | gmy || gy | e | gtz | e | gy
2.33(1) 2.464(12) 2.35(2)
12
eCq | 1.457 | 1.456 | 2.357 [27] 2.464 28] 2.355 2.356 [11]
13 2.32(1) 2.440(25) 2.42(24)
6C7 | 1.449 | 1476 | 2.336 [27] 2.440 28] 2.489 2.42 [11]
The  calculated MDDs are that there are a very good agreements

represented in Figs. 1 (a), (b), (c), (d)
and (e) for °C, *°C, **c, ''C and °C
isotopes, respectively. In Fig. 1 (a), the
solid, dotted and dashed curves
represent the calculated MDDs using
HO+LST, LST and HO, respectively.
It is clear that the results of HO+LST
is in excellent agreement with
experimental data and these are
attributed to the generated tails coming
from the used THO wavefunctions
which are highly improved by the
parameters in Table 3 and 4. The result
of LST using NCSM calculations is
not adequate to reproduce the tail and
underestimates  such  region. In
Fig.1(b), (c), (d), and (c), the solid and
dashed curves represent the calculated
MDDs in HO+LST and HO,
respectively. In general, it is obvious

111

when compared with experimental data
in HO+LST technique. The results of
HO is completely failed in all isotopes
to regenerate the long tail behaviour. In
Fig.1(f), the calculated proton and
neutron density distributions are
depicted for #C using LST technique
with assumed filling numbers (§). It is
evident there is a very good agreement
for both proton and neutron densities
in comparison with experimental data.
The neutron and proton density
distributions for °C, *°C, *°C, *’C and
19C are described in Fig. 2(a), (b), (c),
(d) and (e), respectively. It is obvious
that the long tail characteristic is well
produced in the proton density
distribution for °C, besides in the
neutron density distribution for °C,
%, "c and °C.
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Fig. 1: The calculated MDDs for exotic Carbon isotopes °C(a) [30], **C(b), *°C(c), *'C (d)
and °C(e) [11], represented by solid and dashed curves, respectively. The shaded areas are
experimental data. 2C(f), represent the neutron and proton density distribution and
compared with experimental data represent by filled and empty [29] circles.
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Fig. 2: The neutron and proton density distributions for carbon isotopes
°C(a),"C(b),"°C(c),""C(d),"”C(e).
In Fig. 3 (a) and (b) the calculated that the calculations in LST with
and experimental charge density assumed filling numbers (&) are going
distributions of '?C and *C, very well with experimental data,

respectively. The solid, dotted and
dashed curves represent the calculated
CDD in LST, assumed & and HO
calculations, respectively. It is evident

while the results of LST in NCSM for
both isotopes overestimates the results

at central region.
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In Fig. 4 (a) and (b), the calculated
and experimental charge form factors
of *2C and *3C are depicted. The solid,
red dotted and dashed curves for both
nuclei represent the calculated charge
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Fig. 3: (a) Charge density distributions of stable Boron isotopes**C and *C [28].

(assumed &) and HO, respectively. It is
obvious that the calculations in LST
(NCSM) for both isotopes are shifted
slightly the first diffraction minima
forwards and downwards.
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Fig. 4: (a) Elastic charge form factors of **C. The experimental data for **C represented by
empty and filled circles [31]. (b) Elastic charge form factors of *C.The experimental data

for °C represented filled circles [31].

Conclusions
The nuclear proton, charge,
neutron, and  matter  density

distributions and charge form factor
are studied for stable (**C and *3C)
and exotic (°C, °c, **c, Y’c, °C and
?2C) isotopes. The calculations are

based mainly on the (THO)
wavefunctions in (LST). The HO and
THO parameters needed to
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accomplish  the calculations are
chosen so as to reproduce the
available experimental root-mean

square (rms) proton, charge, neutron
and matter radii. The results of the
first approach (LST technique) used
only for °C, *°C, ®C and %C are in
very good agreement in comparison
with experimental data. In the second
approach (HO+LST) used only for °C,
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¢, 8¢, Y'c and *°C, the results are
greatly reformed in comparison with
experimental data. The results of HO
technique wavefunctions are
completely failed to reproduce the
long tail. Besides, the LST are applied
to calculate charge  density
distributions of the *C and *3C
isotopes in order to validate the reality
of using these wavefunctions. The
results are highly improved using
assumed filling numbers instead of
those coming from using model
interaction. Finally, the calculated
charge form factors for *C and **C
are clearly in very good agreement
with experimental data using the THO
in LST indicating the reality of using
such approach in studying both stable
and exotic nuclei.
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